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1. Introduction

For convex functions the following double inequality has great significance in the
literature and is known as the Hermite-Hadamard’s inequality [1,2]:

Let x: I — R, @ # I C R be a convex function, then

n

2 + 0 1 x(50) + x(0)
< <L e 27 v 27
X( 2 >_%2%1/)((v)d1/_ 2 !

)

4!

for all 5¢1, 3o € I with 311 < 3r5. The inequality (1) holds in reversed direction if ) is concave.
f Dragomir defined the following mappings H, F: [0,1] — R

H(x) = - /.%2)((1{1/+ (1 K)(W))dv

) — A Jig
and
1 V) V)
F(x) = 72/ / x(xv+ (1 —x)w)dvdw,
(500 —211)" Joa I
where x: [51, 200] — R is a convex function and obtained some refinements between the
middle and the left most terms in [3] for (1).

Theorem 1 ([3]). Let x: [511, 22] — R be a convex function on [s21, st5). Then

(i) H is convex on [, 51).
(i)  The following hold:
 + %2>

inf H(x) = HO) = x5

sup H(x) = H(1) = ——— [ x(
k€[0,1] 2 =7 oy

v)dv.

(iii) H increases monotonically on [0, 1].

Theorem 2 ([3]). Let x: [»11, 3] — R be a convex function on [, 3¢]. Then

Symmetry 2023, 15, 1602. https:/ /doi.org/10.3390/sym15081602

https://www.mdpi.com/journal /symmetry


https://doi.org/10.3390/sym15081602
https://doi.org/10.3390/sym15081602
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com
https://orcid.org/0000-0003-2349-3445
https://doi.org/10.3390/sym15081602
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com/article/10.3390/sym15081602?type=check_update&version=2

Symmetry 2023, 15, 1602

2 of 20

(i) F(x+3)=F(3—x) poraiixe [0,3].
(i) F is convex on [sz1, 53]
(iii)  The following hold:

sup F(x) = F(1) = x(0) = -—— [ x(v)v
xe[0,1] =

Kél[gl]F(K) = F(;) / / (U+w>dvdw.

(iv) The inequality
1+ 0 1
T <« —
F( )=r(3)
is valid.
1

(v)  x increases monotonically on [% 1] and decreases monotonically on {0, j} .
(vi) We have the inequality H(x) < F(x) for all x € [0,1].

and

Yang and Hong [4] provided an improvement between the middle and the right-most
term by defining the following mapping P: [0,1] — R

P(x) = 2(%21_%1)/: [X(<142ﬂ<>%2+ <1;K>”)

where x: [5, 5] — Ris a convex function.

Theorem 3 ([4]). Let x: [»11, 22] — R be a convex function on [r1, 3¢2]. Then

(i) P is convex on [, 30).
(i) P increases monotonically on [0,1].
(iii)  The following hold

inf P(x) = P(0) = — L

xe[0,1] ¥ —

and
x(a) +x(a)

sup P(x) = P(1) = 5

xe[0,1]
Fejér [5], established the following double inequality as a weighted generalization of (1):

x(”1§”2)72¢<v>du S 7x< Vg(w)i < XA A / p)dv, (@)

!

where x: [ — R, @ # I C R, 31,50 € [ with 511 < 31 is any convex function and ¢:
[511, 70] — R is a non-negative integrable with ¢ (3¢ + 50 —v) = @(v).

These inequalities have many extensions and generalizations, see [6-34].

Teseng et al. [35] refined inequalities (2) by defining the following mappings on [0, 1]:

2/[ ( v+ (1_K)%1_;%2>-I—)((KV_'—Z%Z+(1—K)%172L%2>}(p(v)dv,
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and

n

N(x) = ;/[X<K%1 + (1—K)V+2%1> +x<1<%2+ (1 —K)Vz%zﬂfp(v)dv,

1

where x: 51, 5] — Ris a convex function and ¢: [5, 5] — Ris a non-negative integrable
with ¢(se + 50 —v) = @(v).
By applying the result given below,

Lemma 1 ([35]). Let x : [sr1, 22] — R be a convex function and let 1y < @1 <11 <1y < @p <
20 With 11 + vy = @1 + @y. Then

x(v1) +x(v2) < x(@1) + x(@2)-
Teseng et al. obtained the following important refinement inequalities.
Theorem 4 ([35]). Let x: [311, 2] — R be a convex function and @: [s, 3] — R is a non-

negative integrable with ¢ (311 + 30 — v) = @(v). Then I is convex, increasing on [0,1], and for
all k € [0,1], the Fejér-type inequalities

x(%ﬁ”)fgo(v)dv — 1(0) < I(x) < 1(1)

T () oo

hold.

Theorem 5 ([35]). Let x: [s1, 2] — R be a convex function and ¢: [s¢1, 0] — R is a non-
negative integrable with ¢ (31 + s — v) = @(v). Then ] is convex, increasing on [0, 1], and for
all k € [0,1], the Fejér-type inequalities

X(%ﬂ) ;X(W) 72¢(y)dv =J(0) < J(x) <J(1)

1

n

()

!

hold.
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Theorem 6 ([35]). Let x: [s1, 0] — R be a convex function and ¢: [sc1, 0] — R is a non-
negative integrable with (1 + 30 —v) = @(v). Then I(x) < J(x) on [0, 1].

Theorem 7 ([35]). Let x: [s, 0] — R be a convex function and ¢: [s¢1,305] — R is a non-
negative integrable with ¢ (> + s — v) = @(v). Then M is convex, increasing on [0, 1], and for
all k € [0,1], the Fejér-type inequalities

2/{ <%1+U> X(UZZZ)]qo(v)dv—M(O)gM(K)

< 2/{ <%1+%2>+X(%1);X(%2) o(v)dv

hold valid.
Theorem 8 ([35]). Let x: [s1, 0] — R be a convex function and ¢: [sc1, 0] — R is a non-

negative integrable with ¢ (1 + s — v) = @(v). Then M is convex, increasing on [0, 1], and for
all k € [0,1], the Fejér-type inequalities

2/{ <%1+U> X(VJ;%Z)](p(v)dv:N(o)

hold true.

Theorem 9 ([35]). Let x: [s1, 2] — R be a convex function and ¢: [s¢1, 0] — R is a non-
negative integrable with ¢(sc1 + 30 —v) = ¢(v). Then M(x) < N(x) on [0,1].

One of the generalizations of the convex functions is harmonic functions:

Definition 1 ([36]). Define I C R\{0} as an interval of real numbers. We say that a function x
from I to R is considered to be harmonically convex, if

V@

7 )< % _

(s ) < ml@) + (- 0) ®

forallv,& € Iand x € [0,1]. Harmonically concave x is defined as the inequality in (3) reversed.
Using harmonic-convexity, the Hermite-Hadamard type yields the following result.

Theorem 10 ([36]). Let x: I € R\{0} — R be a harmonically convex function and s, s € 1
with 01 < s0. If x € L([211, 522]), then the inequalities

< 23¢1 509 ) L /%1 xw) o o xGa) + xGa) @)

i+ ) T o — v2 - 2

hold.
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defined by
_ w21 22y
5(x) = w0 — /%1 U2X<2%1%2K + (L =x)v(sa + %2))d1//
170 v -
U(x) = (%2—%1) / /1 22X (K@"‘ (1_K)V)dde
and

vix) = % /: iz {X < 1+ K>v2f<v1 - K>%z>

e ey | G

Let x: [511, 22] — R be a harmonically convex mapping and let S, U, V: [0,1] — R be

©)

(6)

The author obtained the refinement inequalities for (4) corresponding to the above mappings:

Theorem 11 ([23]). Let x: [5¢1, 2] — R be a harmonically convex function on [sz1, 55]. Then

(i)
(ii)

(iii)

Theorem 12 ([23]). Let x: [, 222

Then
(1)

(ii)
(iii)

(iv)

(v)
(vi)

S is harmonically convex on [z, ).

The following hold:
. 2%1%2
f S(x) =5(0) =
2,50 =50 =x(357 )

and

sup S(x) = §(1) = 272 /%2 xv)y,

_ 2
k€[0,1] = v

S increases monotonically on [0, 1].

The identity

holds for all x € [0, %}

U is harmonically convex on [z, ).
The identities

. 1 7150 2/”2 /”2 1 <2vw )
f Ux)=U(=)= dvd&
e =uz) = (525) [ L a6 e

and )
mixp (72 x(v
sup U(x) = U(0) =U(1) = / dv
ke[0,1] ! v2
hold.
The inequality
2%1%2 1
i S T B —
(i) =u(3)
holds true.

U increases monotonically on [%, 1} and decreases monotonically on {0, %} .
S(x) < U(x) forall x € [0,1].

C (0,00) — R be a harmonically convex function on 3, >3]
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Theorem 13 ([23]). Let x: [5¢1, 2] — R be a harmonically convex function on [s1, >5). Then

(i) V is harmonically convex on [, 5¢].
(i)  The following hold:

inf V(x) = V(0) = 172 /%2 X g,

x€(0,1] My — 1 I v2

and

sup V(x) =V(1) = 7

xe[0,1]

(iti) 'V increases monotonically on [0, 1].
Harmonic symmetricity of a function is given in the definition below.

Definition 2 ([24]). A function @: |5, 5] C R\{0} — R is harmonically symmetric with

2313y -
respect to 2222 if

holds for all v € [511, 752].

Fejér type inequalities using harmonic convexity and the notion of harmonic sym-
metricity were presented in Chan and Wu [25].

Theorem 14 ([25]). Let x: I C R\{0} — R be a harmonically convex function and ¢, 3¢ € I
with s < 3. If x € L([5¢1, 32]) and ¢: [5¢1, 5] C R\{0} — R is non-negative, integrable and

harmonically symmetric with respect to ;2{:1’:{22 , then

x< 20150 >/’f1 o) 4, < /”1 XWew) ,, o xGa) +x(2) /”1 ?W) g, (8)

o+ ) ) V2 309 v2 2 sy V2

IN

Chan and Wu [25] also defined some mappings related to (8) and discussed important
properties of these mappings.

Motivated by the studies conducted in [3,4,23,35], we define some new mappings in
connection to (8) and prove new Féjer type inequalities, which indeed provide refinement
inequalities as well.

2. Main Results

We state some important facts which relate harmonically convex and convex functions
and use them to prove the main results of this paper.

Theorem 15 ([26,27]). If [5¢1, 22] C I C (0, 00) and if we consider the function g: [i i} —R
defined by g(x) = x (%), then x is harmonically convex on |31, »1), if and only if g is convex in
11

the usual sense on [%—2, 71} .

Theorem 16 ([26,27]). If I C (0,00) and x is a convex and non-decreasing function, then x is
HA-convex and if x is a HA-convex and non-increasing function, then ) is convex.

Theorem 17 ([26,27]). Let x: I C (0,00) — R be a HA-convex function and [k,K] C I°. Let
v : Q) — R be satisfying the bounds

0<k<v(x) <K< ooforu-uae x €Q
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and w > 0 p-a.e. on Qwith [qwdy =1 If xov, 1 € Ly(Q, p), then

TPy —

Let us now define some mappings on [0, 1] related to (8) and prove some refinement inequalities.

2/ [ <K%2 (30 +v)+ 2%(11}?1/7‘)1’(%1 + %2)>
20150V )} o)

+X(K%1(v )+ (L= )vGa + )

v,

2/ { (ZK%l (s +v) j-%(ll%ivx)v(S%l + %2)>

o <2K%2(%1 +v) ilF%(llxiv")lf(f‘i%z + 1) )} n

v,

2}/_1:«2
y : 2%21/
T2 2uk + (1 — ) (v + 22)
2501300V )] o(v)
+ d
X(KV(}Q )+ (A—K)mGatv) )] 2
+1 72 |: ( 2%1%21/ )
22 J X kv (s +200) + (1 —x)s01 (52 + V)
)+

+X(2w<+ (12—%11;;(1/ + %1)” (Pg)dv

and

2/[ (ZVK+ 12%:;(V+%2)> +X(2v1<+(12%11<1;(%1 +v)>} qolg)dv’

where x: [51, 7] — R is a harmonically convex function and ¢: [3, 5] — R is a non-

. . . _ 201
negative integrable and symmetric about v = 2522

Lemma 2 ([28]). Let x : [s1, 5] — R be a harmonically convex function and let »; < @ <
1 <1y < @y < 300 with 1/11/1-:12/2 = d)“l’fdzjz. Then

xX(1) + x(12) < x(@1) + x(@2).

Theorem 18. Let x, ¢, I; be defined as above. Then I is harmonically convex, increasing on [0,1]
and the Fejér-type inequalities

x( 250150 > = g(v )dy_ L(0) < L (x)

n + o V2
1 = 250V 20v \ ] @(v)
< = RLASs
<5 2/%1 [X(%1+V)+X<V+%2)} O
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hold for all x € [0,1].

Proof. The mapping [; : [0,1] — R is harmonically convex if and only if the mapping
L : [0,1] — R defined by

o3 () 00 (52)
(o552 00 (52) ) Jol0)#

is convex for a convex mapping g: {%iz, %} — R. Letxy,k € [0,1], o, p € [0,1] with
a+ B =1, then

1

]

I (k10 + 12) = %/ [g((Klvé-l-Kz,B)(%l +V> +(1- (K1w+x2ﬁ))<%l +%2>)

2%11/ 2%1 V)
1

2

+g<(K11x + K2P) <V2J;;2> + (1= (k10 + K28)) (%1 - %2)” (p(}/)dv

2%1 %)
1

]

el ) 0 (52)

(s (352 00 (22))) (e(ol(B22) - (352))
#(a(5) - (522))o ()

1

1 1+ v _ w1+
= zle/[g<x1< 25V > +( K1)< 250150 >)
)
)+ v x + sz 1
rs(m () + 1m0 (22) o ()
1

wpa o3+ (322)

2

(s(52) - (2 (-t e

This proves the harmonic convexity of I;: [0,1] — R.

By integrating and making the following assumptions on ¢, the following identity is true
for [0,1]:

250109
1+

Li(x) = / {X<2K%1%2 ¥ (2;{1%13)1/1/(%1 + %2)>

!

v

2501300V (P(Zzl—v)
+X(2K((%1+%2)V_%1%2)+(1—K)(%1+%2)y>] 2 dv. (10)
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Let 1, k2 € [0,1] with k1 < . Choosing
_ 211 300V
- 2Kp0a00 + (1= Kk2)v (9 + 322)”
vy — 2%1%21/
2 2K0((5e1 + 302)V — 3e1500) + (1 — k2) (51 + 202)V”
- 2301 300V
w1 = 5=
2f1501200 + (1 — K1)V (501 + 222)
and
Oy = 2%1%21/
2 21 ((5e1 + 20)V — se150) + (1 — k1) (501 + s0)V°
Hence, according to Lemma 2, the inequality
( 2%1%21/ )
X\ 207 + (1—r)v(sa + )
. ( 2561 200V )
X 211 (301 + 200)v — 30190) + (1 — K1) (501 + 302V
( 2311 300V )
<X
21050130 + (1 —12)v (501 + 502)
2301 20V )
+ 11
X(ZKQ((%1+%2)1/—%1%2)+(1—K2)(%1+%2)1/ (11)

holds for all v € {%1/ /2,;{}:;22}

%11/

Multiplying (11) by ¢ ( 7 ) integrating both sides over v on [%1,

2%1%2
n1+0
we derive I1(x1) < L (Kz). Thus, I; is increasing on [0,1] and then the inequality (9)

holds. O

} and using (10),

2
Example 1. Let x(v) = v2,v € [1,2], then x is harmonically convex. Let ¢(v) = (1 - %) ,

v
v € [1,2]. It is clear that ¢ is harmonically symmetric with respect to %. By using the techniques of
integration, we observed the following calculations for 0 < x < 1:

o= ()[R G -De=
2/ ( )2“ v+144r3(1—;<) )2

4v ] 22445

+< k(v +2) +3(1—K)v T7680

and

=3 () () )G e

The Figure 1 below validates the inequality (9) in Theorem 18.
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0.00610 F 47
0.00605 | 7680
%] 2
$ 0.00600 f 45+2k
©
> 7680
0.00595
3
0.00590 1,/ —
512
0.00585 L. ‘ ‘ ‘ ‘ ]
0.0 0.2 04 06 0.8 1.0

K

Figure 1. The graph of inequality (9) for 0 < x < 1.

Remark 1. Let ¢(v) = 222 v € [3¢1, 355 in Theorem 18. Then I (x) = S(x), k € [0,1] and

sy —o1’

the inequalities (9) take the form

X(M) —5(0) < S(x) < S(1) = A2 /%2 Xy,

1 + 0 My — 11 Sy V2

where S is defined by (5).

Theorem 19. Let x, ¢, ]1 be defined as above. Then [y is harmonically convex, increasing on [0,1]
and the Fejér-type inequalities

4150 i £
X(%1+3%2) JZFX(3%1+”2> /):2 (Plg)dv < 1(0) < hi(x) < Ja(1)

1 /=
I

hold for all x € [0,1].

Proof. The harmonic convexity of J; on [0, 1] can be proved similarly as in proving the
harmonic convexity of I; on [0, 1].
The following identity holds on [0, 1]:

401509

- 351+ 4:%1%21/
Ni(x) = /,41 [X(élquz + (1 —x)(35 + %2)1/)

+ 421 300V
M A=) Goa + s22)v + (235 + 22)v — 4301307)

4301 200V >
?

+ X((l — ) (3501 + 300)V + k(4301500 + 2(500 — 311)V)

4301300 (
Tt ( (1— %) (501 + 3s22)v +14K2((%1 F 0V — ) )] 2

Let xq, k3 € [0,1] with x; < k. Choosing

- 4%1%21/
V1= 41300 + (1 — 12) (3301 + 200)V”
vy — 4%1%21/
2 (1 —Kz)(3%1 +%2)V+K2(2(3%1 +%2)V—4%1%2),
B 401300V
w1

- ARy se1560 + (1 — 1) (3201 + 200)V
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and
G = 411 200V
27 (1= #&1)Boe + 22V + k12(2(3501 + 202)V — d3e1557)
By using Lemma 2, we obtain the following inequality:
4301300V
X
dxcyrr1300 + (1 — K2) (3201 + 200)V
n < 4301 300V )
MO =)o+ )v + 020 + s2)v — das)
< ( 4301300V )
=X
dicys01900 + (1 — x1) (3211 + 200)V
4301 300V )
+ 14
X((lKl)(?)%l +%2)1/+K1(2(3%1+%2)1/*4%1%2) (14)

forallv € [%1, 31}1‘;”}2{2} )

In a similar way, with the choices

" = 4311 300V
(1 - K2)(3%1 + %2)1/ + K2(4%1%2 + 2(%2 - %1)1/)/
vy = 4%1%21/
(1 — Kz)(%1 + 3%2)1/ + 41%2(%11/ + 20V — %1%2) !
@y = 4%1%21/
(1 —x1) (3501 + 50)v + K71 (4301502 + 2(52 — 321)V)
and Gy = 4%1%21/

(1= R1) (301 + 3300)v + 41 301V + 300V — 30130)

for xq, x5 € [0,1], where x; < k; and using Lemma 2, we obtain

4%1%21/
X ( (1= #2) (3321 + s02)v + K2 (d3c1 323 + 2(502 — 321)V) )
411200V
X ( 1 — 1) (a1 + 352)v + A2 (3210 & 3220 — %1%2)>
< X( 4%1%21/ )
~ "\ (1 —x1) (350 + s0)V + k1 (450150 + 2(500 — 31 )V)

+X( 4%1%21/ ) (15)
(1 — K1)(%1 + 3%2)1/ + 4K1(J{11/ + 0V — %1%2) !

where forall v € [%1, 321’}?;‘;2} .

?tll/
Adding (14) and (15), multiplying both sides by 4)(2:{V> and then integrating over
[%1, %} , we get that J1(x1) < J1(kp) for k1, kp € [0,1], where k1 < k. It is proved that
J1 is increasing on [0, 1] and hence the inequality (12) is proved because of the fact that

J1(0) < Ji(x) < J1(1). O

2
Example 2. Let x(v) = v=2, v € [1,2], then x is harmonically convex. Let ¢(v) = (% - %) ,

v € [1,2]. It is clear that ¢ is harmonically symmetric with respect to %. By using the techniques of
integration, we observed the following calculations for 0 < x < 1:

o3 [8) () A e
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Ji(x) = %/121%2 (11, - 431)2[<4K(1/+1)?:7(1 K)V)2

8v -2 312 + 185
+ dv="_""F,
2k(v+2) +5(1 —x)v 30720

and ) X X
1 /21 v\ v\~ 1 3 47
]1(1):7/f2 i R S0 = 2
21 v v+2 v+1 v 4 7680
The Figure 2 below validates the inequality (9) in Theorem 19.
0.00612 - | | | | * 47
T\ 7680
0.00610
$ 0.00608 185+3 2
$ 0.00606 %0720
0.00604 - 37
0.00602 | ‘ ‘ ‘ ‘ 5 61

0.0 0.2 0.4 0.6 0.8 1.0

K

Figure 2. The graph of inequality (12) for 0 < x < 1.

A comparison between [; and J; is given in the theorem below:

Theorem 20. Let x, ¢, I1, ] be defined as above. Then I (x) < J1(x) on [0,1].

Proof. We observe that the following identities hold for all « € [0,1] and v € [%1, iﬂ’;ﬂ :
2%1%2 4%1%21/
0= [ |
h( ) /%] X 4%1%2K + (1 - K)l/(3%1 + %2)
+ by o(z5) dv (16)
X 4K (s0V + 20V — 211500) + (1 — k) (311 + 3202) v2
and
2501709
e 2501 700V
— 1702
hie) = . X(ZK%1%2 + (1 —x)v(sq + %2)>
5|
+ ( Ly )] 4’(25115) dv. (17)
X\ 2k((a1 + s2)v — 21502) + (1 — K) (321 + 222)v v? '
Let
v 401300V
' Lesnk+ (1—x)v(350 + 25)
vy — 4301300V
27 dk(onu + v — s0) + (1 — k) (o + 355)”
. 230130V
w1

- 2ise1500 + (1 — 6)v (301 + 202)
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and
2%1 V2%

2k((201 + 202)v — 311500) + (1 — k) (311 + 22V

Wy =

forallx € [0,1] and v € [%1, ijﬂ

Hence, by Lemma 2, the following inequality holds for all « € [0,1] and v € [%1, %} :

4%1%21/
X 40150k + (1 — 6)v(3s01 + 22)

n < 4301 200V )
X Ak (0v + 20V — 20150) + (1 — K)U(%l +350)
< X( 2%1%21/ )

2ise150 + (1 — k)v (30 + 30)

2301 300V
+X<2K((%1 T — ) + (1=K T %z>v>' (1)

21—V 2301500

J/ll
Multiplying both sides by u and then integrating over [%1, ot %2} , we get that
Il( ) < h( )fOI'K S [0,1] O

2
Example 3. Let x(v) = v=2,v € [1,2], then x is harmonically convex. Let ¢(v) = (% - %) ,

v € [1,2]. It is clear that ¢ is harmonically symmetric with respect to %. By using the techniques of
integration, we observed the following calculations for 0 < x < 1:

2/ ( )2l<2x v+1)é:1—/3(1—1<)v)_2

4y 2k2 + 45
+< v +2)+3(1— K ]d”_

7680
and
ool PL(E3y 8 -
21 2 \v 4 dx(v+1)+7(1—x)v
N 8v 7, 3185
2k(v +2) +5(1 — x)v - 30720
The Figure 3 below validates the inequality proved in Theorem 20.
W 185+3 K2
0.00610 f .
30720
0.00605 -
£ 900600
=
0.00595
0.00590 45424
0.00585 L 7680

0.0 0.2 0.4 0.6 0.8 1.0
K

Figure 3. The graph of inequality proved in Theorem 20 for 0 < x < 1.

The following result demonstrates how the function attributes of M; are incorporated:
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Theorem 21. Let x, ¢, M be defined as above. Then M is harmonically convex, increasing on
[0, 1] and Fejér-type inequality

1 (= 250V 20v \ ] @(v)
2 Joa [X(%1+V)+X<V+%2>} vz =)

< My (x) < My(1 ;{ <2%1%2 > (%1)+X(%2)] 3 4’( )dv (19)

w1+ 0 2

hold for all k € [0,1].

Proof. We can prove the harmonic convexity of M; on [0, 1] by following the same method
as that of proving the harmonic convexity of M; on [0, 1] in Theorem 18.

It is easy to observe that the following identity holds for all x € [0,1] and v € [%1, 35:1«# JZJ :

430109
331+

_ v 2z
M () = X(KV T(1- K)%z) +X<(3%1 +o0)v —2(1 — k) 301500 — 2K%11/)

|
2301300V
+X
2(1 — K)%1%2 + (%2 — %1)1/ + 2Ks09V

n 120V (P<2;}t?zv>dv
X (51 + 200 — 15 )V — (1 — k) 301502 V2 ’

According to Lemma 2, the following inequalities are valid for all k1, xp € [0,1] with k1 < K7

4301 51
andv € {%1, 3%11_“2{2}

0V n 2%1%21/
X kv + (1 —x1)300 X (351 + 300)v — 2(1 — K1) 311900 — 2K 501V
< 0V n 23t1 300V
=X KoV + (1 — Kz)%z X (3%1 + %2)1/ — 2(1 — Kz)%l%z — 2Ky 1V

(20)

( 2%1%21/ ) + < 10V >
XM\ 2(0 = w)mm + (o —m)v+2xav) X\ Ga + 2 — ksa)v — (1 — 1)

< 2%1%21/
=X 2(1 —x2) 21500 + (312 — 201 )V + 2K201V
10V
+ (21
X((%l + 50 — Ko )v — (1= Kz)%1%2> @)

v
Adding (20) and (21) and multiplying both sides of the resulting inequality by M and

then integrating over [%1, ;i:{ 12 } we get that M (k1) < My (k) for xq1,k € [0 1] with
k1 < K. Hence, M is increasing on [0, 1] and thus the inequalities (19) follow. [

2
Example 4. Let x(v) = v=2, v € [1,2], then x is harmonically convex. Let ¢(v) = (% - %) ,

v € [1,2]. It is clear that ¢ is harmonically symmetric with respect to %, By using the techniques of
integration, we observed the following calculations for 0 < x < 1:

wo=3[(5) "+ ()3 () -
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4 2
17 4v 2 4v 2 (% - 3)
M (k) = 7/ + 5——dv

21 2uk + (1 —x)(v+2) kv +2(1—x)(1+v) v
2

L1 7 4v ‘2+ 2v -2 (%*%) "

5.4 3kv+ (1—x)(24v) 2uk+ (1—x)(v+1) v2
3
376 — 27x + 31x?
n 61440
and

1]/74\72 1724272] /21 /1 3\? 47
Mlmzz[(g) A /lvz(4> W= 780

The Figure 4 below validates the inequality (19) in Theorem 21.

0.00620 ; ; T . n
19
0.00615 -
3072
I 376-27 k+31k2
=}
« 0.00610 -
> 61440
37
0.00605 - 6144

0.0 0.2 0.4 0.6 0.8 1.0
K

Figure 4. The graph of inequality (19) for 0 < x < 1.

The properties of the mapping Nj are presented in the given result:

Theorem 22. Let x, ¢, Ny be defined as above. Then Ny is harmonically convex, increasing on
[0, 1] and the Fejér-type inequalities

1 (= 251V 200 \ o),
2 )y [X(%l—l—v)—i_x(v—i—%z)} V2 dv =Ni(0)

< Ni(r) < Ni (1) =

+ <
x(%l)zx(%z) i 90152”)511/ (22)

hold for all x € [0,1].

Proof. We can prove the harmonic convexity of Nj on [0, 1] by following the same method
as that of proving the harmonic convexity of I; on [0, 1] in Theorem 18.
It is easy to observe that

250159
1+

0V
X vk + (1 — k) (v + 200V — 30150

1

mnv q’(ZZZv)d
m)] '

+X<KV—|—(1—K v2
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holds forall ¥ € [0,1] and v € [%1, Z‘jr’fz} )

According to Lemma 2, the given inequalities are valid for all k1, «, € [0,1] with k1 < K

2301 3¢
andv € [%1, %1—1%22}:

< v ) L < 20120V >
X K11/—|-(1 —Kl)%1 X VK1 + (1 —Kl)(%11/+%21/—%1%2)

v 10V
< . (23
_X<K2V+(1—K2)J{1) +X<%11/K2+(1—K2)(%11/+%21/—%1%2)> @3

7{1]/
Multiplying both sides of (23) by q)(zg%],) and then integrating over {%1, }2:532} , we get

that Ny (1) < Nj(x2) for 1,k € [0,1] with &1 < x,. Hence, Nj is increasing on [0, 1] and
thus the inequalities (22) follow. O

2
Example 5. Let x(v) = v=2,v € [1,2], then x is harmonically convex. Let ¢(v) = (% - %) ,

v € [1,2]. It is clear that ¢ is harmonically symmetric with respect to %. By using the techniques of
integration, we observed the following calculations for 0 < x < 1:

1[/8\2 /8\ 2] ;21 /1 3)\2 37
Ni(0) =3 (7) +(5) ]/1 1/2<1/_4> = Giaa

2_
4v

Ni() = E/ <2vx+ (1 —K)(V+2))2

l L

v -2 %_32 K2 +x
2 )(1+v)> ]( 4)d 22+ k447

+(2m+(1x N T
and ) ) )
1724272 /21 /1 3 5
N()=—"2 [ —(-=2) dv=—_.
1(1) 2 /11/2<1/ 4) Y= 768
The Figure 5 below validates the inequality proved in Theorem 22.
‘ ‘ ‘ ‘ ‘ 5!
0.0065 : 5
0.0064 ] 768
§ 0.0063 47 +k+2 K2
£ oooes| 7680
37
0.0061 ] i
6144
0.0060 £

0.0 0.2 0.4 0.6 0.8 1.0

K

Figure 5. The graph of inequality proved in Theorem 20 for 0 < x < 1.

Remark 2. Let ¢(v) = 222 v € |51, 53] in Theorem 18. Then Ny (x) = V(x), k € [0,1] and

ry—1’
the inequalities (22) become

where V is defined by (7).



Symmetry 2023, 15, 1602

17 of 20

Theorem 23. Let ), ¢, My, Ny be defined as above. Then M (x) < Nj(x) on [0,1].

Proof. We observe that the following identities hold for all x € [0,1] and v € [%1, ;ZlJr %}z{z} :
4501509
331 +p ’
2% 0V
= [ (o2
1) vt (1- K)%z) +X<(3%1 +0)v —2(1 — K) 3150 — 2K%11/>
1
2%1%21/
+X
2(1 — K)se1500 + (320 — 200 )V + 2K307V
v
70V q)(Z%lfv)
dv. (24
+X<(%1—|—%2—K%1)1/—(1—1{)%1%2)] 2 v (2
and
401509

31+

N (K) B / 0V i 2301300V
e = Mo+ A=) "\ Bave+ 1= 1) (B + s2)v — 25050)
5|

+ 0V
X K30V + (1 — K)(%zi/ + v — %1%2)

2 (P( v )
10V 2 —v
dv. (25
+X(2%21/K + (1 —x) (25010 + (500 — %ﬂv))] V2 v 29
Let
. v
T T (1—R)s’
vy — 2301700V
2= (331 + 50)v — 2(1 — k) 261500 — 2K31V”
D1 = 0V
T (1K)
and
- 230130V

w2 = 2:0vk + (1 — ) ((Bse1 + 202)v — 2301 50)

forallx € [0,1] and v € [%1/ 3%2522}

Hence, Lemma 2 gives the inequality

w0V n 2301300V
X kv 4+ (1 —x)s0 X (3501 + 300)v — 2(1 — k) 301309 — 2K311V
nv X 2511300V
< _— 26
B X(KV +(1- K)%z) +X(zﬂlm + (1= x)((Bse1 + 222)v — 2%1%2)) (26)

forallx € [0,1] and v € {%1, 3%{’14522}.

Similarly with the choices

_ 211300V

V1= 2(1 — K)%l%z + (%2 — %1)1/ + 21V’
i 0V

V2= (50 + 30 — K3 )V — (1 — &) 301500

~ 0V

w1 =

KV + (1 — K)(%z]/ + v — %1%2) !
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G — 211 300V
27 Lok + (1 —x) (2501500 + (320 — 301 )V)

in Lemma 2, we get

( 30300V ) n ( 201200V )
M oar + (1 —x)(s0v + 20V — 3130) X (501 + 200 — 100 )V — (1 — k) 321500
< X 0V
K30V + (1 — K) (%21/ + 2V — %1%2)

211300V
+X(2%21/K + (1 —x) (250150 + (300 — 51)V) ) @)

%11/

Adding (26) and (27) and multiplying the result by M and then integrating over

12

[%1, 3%::1:‘;2}, we get that M;(x) < Nj(x) forx € [0,1]. O

Example 6. Let x(v) = v=2, v € [1,2], then x is harmonically convex. Let ¢(v) = (% - %) ,
v € [1,2]. It is clear that ¢ is harmonically symmetric with respect to %, By using the techniques of
integration, we observed the following calculations for 0 < x < 1:

<=
AN
N———
N
QU

3 -2 -2
M1<’<>—il/l<zux+(14—vx><v+z>) +<3xv+2<14—vx><1+v>> ]( o

w N 2 A1)
<3K1/+(1—K)(2+U)> +<2VK+(1—K)(1/+1)> 1]/2011/

_ 31x% —27x + 376

61440
and
2 -2
1 4v
N ==
1) 2/ l(ZVK +(1—x)(v —|—2)>
1
27 (1_3 2 >
n 2v v 4 dv—zK +x 447
vk + (1 —x)(1+v) V2 - 7680
The Figure 6 below validates the inequality proved in Theorem 23.
00065 - | | ] 47 4k 4242
0.0064 - ] 680
8 o0.0063
=
00062 ] 376-27 k+31 &2
0.0061 \/ oo

0.0060 -~
0.0 0.2 04 0.6 0.8 1.0

K

Figure 6. The graph of inequality proved in Theorem 23 for 0 < x < 1.

Theorems 19-23 lead to the following Fejér-type inequalities.
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Corollary 1. Let x, ¢ be defined as above. Then

4511 52 451 32,
2 ) 7 ol0),, M) HEE) = 0,
i+ ) Jy V2T 2 V2

1 (= 2501 2:0v \ 1 @(v)
< =
— 2/ {X(%l +v> +X(v+%2)] v2 dv
1 250150 xX(Ga) +xGa)] 72 e(v)
< —
_2[ <%1+%2>+ 2 m V2 w

2 oV
1)

Corollary 2. Let ¢(v) = 222, v € [511, 5] in Corollary 1. Then the inequality (28) reduces to

ry—x1’

4 4

)+ 0
1 VAs) 21 20V 20V
< | =2e il e
-2 (%z—%1> /%1 v2 [X<%1 +V) +X(V+%2>}dv
< 1[ <2%1%2 >+X(%1)+X(%2)} x(a) + xGa) (29)
) + 0 2

3. Conclusions

Integral inequalities have become an emerging topic in the last three decades. Re-
searchers are trying to find new proofs of the existing results and trying to investigate
refinements of the existing results using novel ideas. In different directions of research
in the field of inequalities and other fields of mathematics, convexity plays an important
role in establishing new results and refinements of the existing results. Mathematicians
are trying to find new and novel generalizations to generalize and refine the existing re-
sults. One the generalizations of the convex functions is known as harmonically convex
functions, which has given rise to a number of novel results and refinements. In this
study, we defined new mappings over the interval [0, 1] related to the Hermite-Hadamard
and Fejér type inequalities, proved for harmonically-convex functions and obtained new
Hermite-Hadamard and Fejér type inequalities using novel techniques and notions of
harmonically convexity. The results obtained are not only the new Fejér type inequalities
but also provide refinements of Hermite-Hadamard and Fejér type results already proven
in the existing literature of mathematical inequalities. The research of this paper could be a
source of inspiration for new researchers and for the researchers already working in the
field of mathematical inequalities.
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