@ axioms

Article

A Comprehensive Study of the Langevin Boundary Value
Problems with Variable Order Fractional Derivatives

John R. Graef 1*(0, Kadda Maazouz > and Moussa Daif Allah Zaak >

check for
updates

Citation: Graef, ].R.; Maazouz, K.;
Zaak, M.D.A. A Comprehensive
Study of the Langevin Boundary
Value Problems with Variable Order
Fractional Derivatives. Axioms 2024,
13,277. https:/ /doi.org/10.3390/
axioms13040277

Academic Editors: Anabela S. Silva

and Cristiana J. Silva

Received: 11 March 2024
Revised: 4 April 2024

Accepted: 19 April 2024
Published: 21 April 2024

Copyright: © 2024 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Department of Mathematics, University of Tennessee at Chattanooga, Chattanooga, TN 37401, USA
Department of Mathematics, University of Ibn Khaldoun, Tiaret 14000, Algeria;
kadda.maazouz@univ-tiaret.dz (K.M.); moussadaifallah.zaak@univ-tiaret.dz (M.D.A.Z.)

*  Correspondence: john-graef@utc.edu
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Caputo fractional derivative. After presenting the background for the study, the authors provide
the definitions, theorems, and lemmas that are required for comprehending the manuscript. The
existence of solutions is proved using Schauder’s fixed point theorem; the uniqueness of solutions
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1. Introduction

Fractional calculus is an intriguing facet of mathematical analysis that has garnered
increasing attention across various scientific disciplines by extending differentiation and
integration concepts to non-integer orders. While the usual calculus focuses on integer-
order derivatives and integrals, fractional calculus expands these operations to include
non-integer and even variable orders. This results in a more detailed and flexible descrip-
tion of physical processes that are especially useful in domains like physics, engineering,
and biology (see [1-4]). Variable order fractional calculus is a key advancement in this dis-
cipline by offering the new concept that the order of differentiation or integration might be
a variable rather than a fixed value. This breakthrough provides a strong tool for modeling
complicated systems with various degrees of memory and non-local effects that results in a
more realistic depiction of real-world processes and makes it a useful and adaptable tool
(see [5-9] and the references therein).

Brownian motion is the random motion of particles suspended in a fluid (liquid or gas)
resulting from their collision with fast molecules in the considered fluid. This phenomenon
is named after the Scottish botanist Robert Brown, who first observed it in 1827 while
studying pollen particles suspended in water [10]. However, the mathematical explanation
and formalization of Brownian motion came later, through the work of Albert Einstein and
the French mathematician Louis Bachelier. The particles’ motion is characterized by random
and erratic changes in direction and speed, therefore playing a crucial role in modeling
various phenomena by simplifying the dynamics of real systems and providing a useful
framework for understanding the behavior of particles in a fluctuating environment. It is
widely used in various fields that involve random fluctuations such as physics, chemistry,
biology, and finance.

In the context of physics, processes are often described mathematically using the
Langevin equation, which is a stochastic differential equation that describes the motion
of a particle undergoing Brownian motion under the influence of a random force. It is
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commonly used in the study of statistical mechanics and is named after the French physicist
Paul Langevin [11], who, in 1908, developed the traditional version of this equation in
terms of ordinary derivatives of the form

2 o d B
mﬁﬁ = /\aﬁ +7(t) =0,

where m is the mass of the particle, A is the friction coefficient, and #(t) is a random force.

However, in complex media, this model did not seem to give an accurate representa-
tion of the dynamics of the system. In 1966, Kubo [12] proposed the extended Langevin
equation in which a frictional memory kernel was included in the Langevin equation to
represent the fractal and memory features. Mainardi et al. [13,14] developed the fractional
Langevin equation in the 1990s. This yielded many interesting results regarding the ex-
istence, uniqueness, and stability of solutions of fractional order Langevin equations; for
more details, see [15-17] and the references therein.

In [18], Abbas et al. discussed the solvability of the following Langevin equation with
two Hadamard fractional derivatives

Hpe, (pr,t - A) 9(t) = H(t, 0(t)), te[le,
(Hth - A)ﬁ(e) —0, H1Ps(1) =,

wherecyp € R, A >0, H Df,, and H Df ; denote Hadamard fractional derivatives of orders

aand B (0 < a, B < 1), respectively, 'I];* denotes the left hand Hadamard fractional
integral of order 1 —«, and H : [1,¢] x R — R is a given continuous function. The
approach they used involved the analysis of a Volterra integral equation and properties of
the Mittag-Leffler function.

Recently, Hilal et al. [19] investigated the existence and uniqueness of solutions
to the following boundary value problem for the Langevin equation with the Hilfer
fractional derivative

{Hmm (HDwm — \)o(t) = H(t, 8(t)), a<t<b,
#(a) =0, 8(b) =YLy wi(I%(9))(n), a<n<b,

where HD%7i  { = 1,2, are Hilfer fractional derivatives of order 0 < «; < 1 and parameters
0<v; <1,A€R,a>0,[%is the Riemann-Liouville fractional integral of order v; > 0,
ui € R,and H : [a,b] x R — R s a continuous function.

As far as we know, there are no contributions in the literature on the solutions of
fractional Langevin equations of variable order.

In this paper, we investigate the Langevin boundary value problem involving variable
order Caputo fractional derivatives

{cpgg) (cpgp _ A)ﬂ(t) = H(t,0(t)), te[0,T], "

8(0) = 8(T) = 0.

Here, 0 < a(t), B(t) < 1, A € RY, H: [0,T] x R — R is a continuous function,

and CDgf) and Cpgf) are Caputo fractional derivatives of variable orders a(t) and B(f),

respectively, for the function ¢. These are formally defined by (see [5])

Comt(t) /oy 1 L —alt) o
DA ﬂ(t)—ir(l_a(t))/o(t s)~ 0 (s)ds, t>0,

CDgy)ﬂU) = F(l—lﬁ(t)) /Ot(t - S)iﬁ(t)ly(s)ds, t>0,
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The Riemann-Liouville integrals of ¢ of variable orders «(t) and B(t), respectively, are
given by (see, for example, [8])

Ié‘f)é‘(t) = 1“(oc1(t)) /(;t(t —5)*O-19(s)ds, t>0,
1PWs(r) = r(ﬁl(t)) /0 ‘(= 5)PO-19(s)ds, t> 0.

This paper is organized as follows. In Section 2, we present some definitions and
necessary lemmas associated with variable order fractional Langevin boundary value
problems. In Section 3, we establish the existence and uniqueness of solutions for the
problem (1). In the last section, we present an example to illustrate the results we obtained.

2. Preliminaries

In this section, we introduce some fundamental concepts that will be needed for
obtaining our results.

Let [0,T], T > 0, be a subset of R. By C([0,T],R), we mean the Banach space of
continuous functions ¢ : [0, T] — R with the usual supremum norm

[8(D)lle = sup{[8(5)], t€[0,T]},

and we let L' ([0, T], R) be the Banach space of measurable functions ¢ : [0, T| — R that are
Lebesgue integrable, equipped with the norm

T
o110 = [ 18] as.

Definition 1 ([20]). Let S be a subset of R.

(i)  Sis called a generalized interval if it is either a standard interval, a point, or @.

(ii) If S is a generalized interval, then the finite set P consisting of generalized intervals contained
in S is called a partition of S provided that every x € S lies in exactly one of the generalized
intervals in the finite set P.

(iii) We say that the function ¢ : t — R is piece-wise constant with respect to the partition P of S,
ie., forany I € P, is constant on I.

In what follows, [«] denotes the greatest integer function of a.

Lemma1 ([1]). Leta, B >0,0<a< b ¢ L1 (a,b), and CDZ@& € Ll(a,b), Then, the unique
solution of the equation
D% 8(t) =0,

is given by '
B(t) =00+ 01(t —a) + 0a(t —a)> +---+0i_1(t —a)' 1,

wherei = [a] +1and o € R, k=0,1,...,i — 1. Moreover,
I CDYO(8) = 0(8) + 00+ 01(t —a) + o2t —a)’ + -+ i a(t—a) ",

D% 1% 0(t) = 9(t),

and
1P o) = 1P 1% 8() = 151 Po(e).

The following result is known as Schauder’s fixed point theorem.
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Theorem 1 (([1] [Theorem 1.7]) [21]). Let E be a Banach space, B be a nonempty bounded convex
and closed subset of E, and G : B — B be a compact and continuous map. Then, G has at least one
fixed point in B.

3. Existence of Solutions

Based on the previous discussion, in this section, we present our main results.

Let P = {[0, Th], (Ty, T»), (T2, T3], ..., (Ty—1, T]} be a partition of the finite interval
[0,T],and leta : [0,T] — (0,1],and B : [0, T| — (0, 1] be two piecewise constant functions
with respect to P given by

a, te [0, Tﬂ, ﬁ1, t e [O, T1],
o) = L = 4 el gy S = P 1 (TRl
&y, te€ (Tnfll T]/ ﬁl’l/ te (Tnflr T]/

where 0 < w;, ; < 1,i € {1, 2,..., n}, are constants, and I; is the characteristic function for
the interval (T;_1, T;] for each i € {1,2,...,n},ie.,

L(t) = {1/ €T

0, elsewhere.

Hence, we obtain
CngJ(rt) (C'D’By) _ )\) 0
t—S 11“]1 =Xt Billi(s) ,
/F ds(./ S 1'BH()>ﬂ(w)dw—A19(s) ds.

The equation in the problem (1) can then be written as

(t—s) Tl AL
b d5</F z1/311(>>‘9<w’dw—”<5>)ds=H<t,z9<t>>

for0 <t < T < +co. We denote by E; = C([T;—1, T;], R), the class of functions that form a
Banach space with the norm

HﬁHEi: sup |[9(t)|, ie{1,2,...,n}
te[Ti_q,Tj]

Let the functions 8; € E; be such that 8;(t) = O forall t € [0, T;_;] and alli € {2,...,n}.
Therefore, in the interval [0, T;], we have

=N _ o)™ s (g — 7p)—B1 N ~
Dy (Dt~ A)8(t) = /Ot %% (/O %0’@)0&0 - /\19(5)) ds = H(1, (). (2)

Again, in the interval (Ty, T»],

. _ )2 s (¢ — 7p) B2 . N
o e o - [ 2 e,

Similarly, in (T;_q, T},

. ~ —5) % s s—wfﬁfA
DY, (CD?}:A)“”—/L“ﬂ/ Ly e AR )>d

= H(t,3(t)). 4)
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Thus, for each i € {1,2,...,n}, we consider the auxiliary constant order boundary
value problem

Cpai [ Cpbi T(4) — : ,

{ DTL( 2 f)\) 3(t) = H(t, (), Ti1<t<T, -
#(Tiq) = 9(T;) = 0.

Next, we define what we mean by a solution of (1).

Definition 2. We say that the problem (1) has a solution & € C([0, T],R), if there exist functions 9;,
such that: 8y € Ej satisfies Equation (2) with 91(0) = 01(Ty) = 0; 8, € E, satisfies Equation (3) with
9(T1) = 0(Th) = 0; O; € E; satisfies Equation (4) with 9;(T;_1) = 0;(T;) =0fori € {3,...,n}.

Remark 1. We say that problem (1) has a unique solution in C([0, T], R) if the functions 8; are unique for
eachi € {1,2,...,n}.

Based on the previous discussion, we have the following results.

Lemma 2. Leti € {1,...,n}. Then, the function 8 is a solution of (5) if and only if © is a solution of the
integral equation

B(t) = — (Mﬁ["tl@(t) - ];ijﬁiH(t, @(t)))

i-1

t—Ti )ﬁi At B-13
el I M (B L IO
=T, (Ti ~Ti.) T T(p) /TH( 5)P~16(s)ds

/}t (t— )P H(s, (s))ds, 6)

1
Jr
T(a; + Bi)
fort € (T;_1,T;] foreachi € {1,2,...,n}.

Proof. Assume that 9 satisfies (5). We transform (5) into an equivalent integral equation as follows.
Lett; 1 <t <t;; then, Lemma 1 implies

(cpjﬂ{t] - /\) B(t) = 1%;4 H(t, () + o1,

SO
o~ ‘3’ “i+ﬁi o~ Ql : ,Bi
B(1) = I 9(0)+ L PH(L8() + s (= T)P +n

Using the boundary conditions 9(T;) = §(T;_;) = 0, we obtain

02=0
= _M < Pi g ai+pi 3 )
0= (T = T )P /\ITitlﬂ(t)—’_IT,tl H(t, 9(t))

=T,

Therefore, the solution of the auxiliary boundary value problem (5) is given by
(7t —Tin )ﬁi b2 /t (t—s)Pi~19(s)ds

=1, \Ti = Tiq T(Bi) J1:s

1 t e
+ W/Tm(t_s) +B 1H(s,19(s))ds. -

A straightforward calculation shows that if Bis given by (6), then it is a solution of (5) for each
ie{l,2,...,n}. O

3(t) = — (uﬁ; 3t + 15 PH(L, §(t))>

Before presenting our main results, we first state the following hypotheses that will be needed:

Hypothesis 1. Let H : [0,T] x R — R be a continuous function and assume that there exist positive
constants L1 and L, such that
[H(t,x)[ < Lafx| + Ly

forall (t,x) € [0,T] xR.
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Hypothesis 2. The parameter A satisfies

A Lq

TG +1) (T; = Ti_1)P' + T

g 1
T—T le+ﬁ1 —.
(“i‘i'ﬁi"‘l)( i 171) < 2

Theorem 2. Assume that (H1) and (H2) hold. Then, the boundary value problem (1) has at least one solution
in C([0, T],R).

Proof. Consider the mapping G : E; — E; given by

(GB) (1) = — <u§fi B(t) + 1P H (L, @(t)))

i-1 i-1

+r¥/t (t—s)*TPi=1H(s, 8(s))ds.

(“i + ,Bz) Tiq
Let the ball Bg, = { v eE: |9 E < R,-} be a non-empty, closed, bounded, convex subset of
E;, where

2L, B

bo— o )MtBi

F(“i+.3i+1)(l 11)
R; > .
1— (L(T _T )/5,- + ¢(T T )ac;+/5i)
r(ﬁ] ¥ 1) i i—1 r(“i +,Bl T 1) i i—1

The proof will be given through several steps.
Step 1: Foreachi € {1,2,...,n}, G(Bg,) C Bg,. Wehave

t— T4 >ﬁz A /t B-13
+ t—s)Pim9(s)d
=T, (Ti —Tiq T'(Bi) Ti—l( ) (5)de

! : ait+pi— 9
+w_/TH(f—S) +Pi~1H (s, 8(s))ds

i—1

(G8)(1)] —‘— (Migﬁm 1P, z%)))

= 1"?//5\1) /Til(Ti — )P B(s)|ds + ﬁ /T: (T; — )P~ H(s, 8(s)) |ds

= r?gi) /T,»T,il(Ti — )P [8(s)|ds + TU%W /TT,1 (Ti = )P (La|B(s)| + Lo)ds

< %(Ti — TP+ m(ﬂ —T;q)" P
TG

<R,

Step 2: G is continuous for each i € {1,2,...,n}. Let {@m} be a sequence such that On — Bin
Bg,. Then, foreach t € [T;_q, T3], i € {1,2,...,n},
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~

|<wm><t>(gﬁ><t>—‘ (Mﬁ* Bult) + “*ﬁ"Ha,@m(t)))

<t—T- )ﬁx‘
=t \Ti = Ti—1

A t A
i T.Bz) /T,',1 (t- S)'B o (s)ds

+ T+ 8 /Ti]:(Ti —5)% B H(s, 8, (s)) — H(s, 8(s))|ds.

Taking into account the convergence of the sequence {1/9\,” }, and the continuity of the function
H, the right-hand side of the above inequality tends to zero as m — +oo. Therefore,

1G (@) (5) = G(B)(t)ll5; =0 as m — oo,

Step 3: G is relatively compact for each i € {1,2,...,n}. In view of Step 1, we have that
G(BR,) C Bg,. Thus, G(Bg,) is uniformly bounded. It remains to show that G is equicontinuous for
eachie {1,2,...,n}.

Letty, tp € (T;_1, T;]- Then,

(G9)(1) — (G9)(t2))|

! 1

I
\
N

uﬁftl@( b+ 1P (L, @(t)))

A ty P
+F(,Bi)/ (t1 — s)P18(s)ds

Tia

Gy (0 (s B

(tz —Tia )ﬁi
- =, \Ti = Ti1
A t ~
- ty —s)Pi~18(s)d
5 2 =9
1 t ~
— t atPi=lH(s, 8(s
T(e; + Bi) /TH( 2= s)" (=

_ _T Bi
Bi tx+ﬁ, i’1 th — T4
<
- (MTftlﬂ() 1 [ T; — Tz 1 (Ti*Tifl
2}
+

A ~ -~ A b o
08 /Tl [(trs)ﬁf 1f<tzfs)ﬁf 1]\19(s)\ds—m/h (ty — 5)P19(s) |ds
ty R
ﬁ /T [(t1 — )Pl — (1, — s)”"'+/51_1] |H(s, 8(s))|ds
T [t = (s, ) s

+
RS
—

=

AIp 8(0) + 17 *’3’ (t,@(t)))

As t; — ty, the right-hand side of the above inequality tends to zero. Hence, the mapping G

is equicontinuous. Therefore, in view of the Ascoli-Arzela Theorem, the mapping G is relatively
compact on Bg,.
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It follows from Theorem 1 that the auxiliary boundary value problem (5) has at least one solution
in Bg, foreachi € {1,2,...,n}.

As a result, the boundary value problem (1) has a least one solution in C([0, T],R), which is

given by ~
()= (),  te€[0,T,
. 0, t e [0, Tl]/
() = {l@z(t)/ te (T, T,
O(t) =

Oa(t) = 0, te [0, T,_1],

" @n(t), te (Tn—lz T]-

O

In order to prove the uniqueness of solutions, we need to introduce an additional hypothesis:

Hypothesis 3. There exists a positive constant Lz such that |H(t,x) — H(t,y)| < Ls|x — y| for each
te0,Tand x,y € R.

Theorem 3. Assume that conditions (H1)—(H3) hold. Then, (5) has a unique solution on [T;_1, T;] for each
i€ {1,2,...,n}, provided that

2A B 2L3
(r(ﬁiJrl)(T’ Ti-1) +r(0‘i+,3i+1)

(T — TFl)“f*ﬁf) <1 (8)
Proof. As previously shown in Step 1 of the proof of Theorem 2, the mapping G : Bg, — Bg, is
uniformly bounded. It remains to show that G is a contraction.

Leti € {1,2,...,n} and let 9;, 8} € Bg,. Then,

i—1

1(G8)(1) ~ (G87)(1)] = ‘ (uﬁ;lﬁxt) + I PHE w)))

( t—T 4 )ﬁi
=, \Ti = Tim1

+L/t (t — 5)P19;(s)ds

r(‘Bi) Tia
! ' ai+pPi— .
i Jy, (T H s

i—1

+ (M%tl O () + L P H(, ﬂ;*(t)))

< t—T, 4 )ﬁi
=, \Ti = Ti1

s [ =9 )

S

T(a; + Bi) J1y
< ooy (TP 0s) - 87 9l
- W%Jrﬁ%) /TT,1 (T; =) P H(s, 8,(s)) — H(s, 8] (s))ds
< iy o (TP - 07 0l
* Tty [ @5 a) - 0 s)las
< (%(n ~ TP+ ﬁ(ﬂ - T"’l)m%) o= ol

In view of (8), G is a contraction for each i € {1,2,...,n}. As a consequence of Banach'’s fixed
point theorem, the operator G has a unique fixed point, which corresponds to a unique solution

of (5) on (T;_1,T;] for each i € {1,2,...,n}. In view of Remark 1, we have the uniqueness of
solutions to (1). O
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4. Example

In this section, we illustrate the applicability of the results obtained in this paper. Consider the
fractional Langevin boundary value problem

{CD;}E‘) <CD§£” - é)ﬂ(t) = sin(%ﬁ(t)) + ﬁ 0<t<4,

8(0) = 0, 9(4) = 0.

©)

1 1
Here, A = 3 H(t,x) = sin(%) + m, T} = 2,and T, = 4 so that our partition of [0, 4]

becomes P = {[0,2], (2,4]}. We take

2 3

100 L€ [0,2], 00 '€ [0,2],
a(t) = B(t) =

7 5

— —, te (2,4

10/ te (2/4}/ 10/ E ( 4 ]

1 1 1 1
Since |H(t, x)| < §|x\ + g in view of (H1), we see that L; = 3 and L, = T Consider the

auxiliary boundary value problems

2 R 1
C C o
'Dég ( Déﬂ + g)ﬁ(t) = Sll’l(gﬁ(f)) + m, 0<t<2,

9(1) =0, 8(2) = 0,

and
1

7 5 (1 1

Dl (szlg + g>19(t) = sm(gl‘}(t)) + (I 2<t<4,
¥(2) =0, ¥(4) = 0.

Now, fori € {1,2}, we have

A Bi Ll ai+Bi 1
T(R. 1) i T i ! = A A~ . — . 1 i ~ . 7 -
TG0 T ) T i g i ) 03709 < 5,

A /B Ll D"+,B 1
o (L= Tic)" + w5 (Ti = Ti)™ 77 = 047 1
r(g;+1) (Ti = Tia)™ T(a; + Bi + 1)( i—Ti1) 0.47880 < 3

so (H2) is satisfied. Therefore, by Theorem 2, the problem (9) has at least one solution given by

% (t) = (), te0,2],
, tel0,2],
B, (t), te(24).
x|
(104 £2)(1 + |x])
Clearly, |H(t,x) — H(t,y)| < 11—0 |x — y|. Thus, (H3) is satisfied with L3 =
Direct computations give

To illustrate Theorem 3, in the above problem take H(t,x) = forallt € [0,4].

170.

2 ' 2L g
_ N T VB =8 r T TR o550 1
r(ﬁi+1)( i i—1) +r(“i+ﬁi+1)( i 1) 0.50250 < 1,
20 2L s
W(T’ Ti-)™ + T(a; + i+ 1) (Ti = Ti1) ~ 0.60743 < 1.

for i € {1,2}, which proves the theorem.
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5. Conclusions

In this paper we studied Langevin boundary value problems that contain a variable order
Caputo fractional derivative. The background and motivation for the study were presented along
with the concepts needed in the work. The existence of solutions was proved by applying Schauder’s
fixed point theorem, and the uniqueness of solutions was obtained by adding an additional hypothesis
and applying Banach’s contraction principle. To illustrate the applicability of the results, an example
was given.

One possible direction for future research would be to try to apply different fixed-point theorems
so that different assumptions to guarantee existence could be obtained. For example, it would be
interesting to see if the Leggett and Williams fixed point theorem might be used. Another possible
direction for future research could be to change the setting to Holder-type spaces. An appropriate
question to raise is whether it would be beneficial to use regulated functions rather than piecewise
continuous functions.

The question of what is (are) the appropriate space (spaces) to use as a setting for fractional
problems is an interesting one that is deserving of future investigation. The answer often depends
on the type of fractional derivative involved and the form of the boundary conditions. The reader
who is interested in this may wish to consult the monographs by Kilbas et al. [1] or Podlubny [4] for
additional observations on this question.
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published version of the manuscript.
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