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Abstract: In algebra, the sedenions, an extension of the octonion system, form a 16-dimensional
noncommutative and nonassociative algebra over the real numbers. It can be expressed as two
octonions, and a function and differential operator can be defined to treat the sedenion, expressed as
two octonions, as a variable. By configuring elements using the structure of complex numbers, the
characteristics of octonions, the stage before expansion, can be utilized. The basis of a sedenion can
be simplified and used for calculations. We propose a corresponding Cauchy—Riemann equation by
defining a regular function for two octonions with a complex structure. Based on this, the integration
theorem of regular functions with a sedenion of the complex structure is given. The relationship
between regular functions and holomorphy is presented, presenting the basis of function theory for a
sedenion of the complex structure.
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1. Introduction

Applying the Cayley—Dickson construction to octonions yields sedenions. In alge-
bra, sedenions are hypercomplex numbers that belong to a 16-dimensional algebra over
the real numbers. However, unlike octonions, sedenions are not an alternative algebra.
In 1898, Conway and Smith [1,2] showed that algebra has a multiplicative for the reals,
the complex numbers, the quaternions, and the octonions, which are processed by the usual
Cayley—Dickson construction. They researched various operators on 16-dimensional real
space to construct the multiplication and the Euclidean norm. Carmody [3] studied the
arithmetic of sedenions with 16-dimensional hypercomplex numbers, and subsequently
K. Imaeda and M. Imaeda [4] and Kvplinger [5] developed concepts of sedenion rep-
resented in rectangular form and defined a single norm and some notations into polar
forms. They are classified in sedenions obtained by the Cayley—Dickson construction and
conic sedenions belonging to a part of a hypernumber concept. Kim et al. [6,7] defined
hyperholomorphic functions with dual sedenion variables and researched the properties of
hyperholomorphic functions of dual sedenion variables in Clifford analysis by the condition
of harmonicity.

By defining complex numbers as ordered pairs of real numbers, various mathematical
results were produced. Inspired by this, quaternions were defined as ordered pairs of
complex numbers. By presenting the operations and function theories of quaternions in the
form of complex numbers, the properties and characteristics of complex numbers can be
used to deal with the function theory of quaternions (see [8,9]). In addition, by defining
an octonion as an ordered pair of quaternions, the functional theory of octonions was
expanded by applying the structural characteristics of complex numbers and the properties
of quaternions (see [10-13]). Concerning this approach, we define sedenions as ordered
pairs of octonion numbers. Through this, we would like to see whether it is possible to arrive
at a theory similar to the mathematical results of quaternions and octonions that is aimed at
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the structure of complex numbers. Our objective is to highlight the advantages of complex
number structures and operations, and to simplify the base numbers so that operations can
be handled more effectively. We can use the composition and characteristics of previous
number systems in our analysis. However, operation laws such as commutative laws and
combination laws cannot be organized with existing general operators. Therefore, we need
to define operators that can be used in a number system that deals with the combination of
complex structures. Two types of differential operators can be defined using multiplication
defined on the sedenion number of a complex structure using two octonion numbers. It can
express one Laplace operator and define a regular function from each differential operator.
To perform an analytical approach to the complex sedenions number, a function is defined
that has the complex sedenions number as a variable. We define differentiation, which
is the basic operation for functions, and propose a tool to determine whether the defined
differentiation is differentiable. In the case of complex numbers, the regular function is
determined using the Cauchy-Riemann equation. For quaternions and octonions expressed
in the form of complex numbers, the construction and alternative of the Cauchy-Riemann
equation, which has an equivalence relationship with the normal function defined in
each number system, was presented. We also propose a corresponding Cauchy-Riemann
equation for defining a function with a expressed in the structure of a complex number
as a variable. This defined function can be called a regular function. Using the definition
of a regular function and the corresponding Cauchy—Riemann equation, the integration
theorem in the complex sedenion system is presented. Additionally, the relationship
between regularity and regular functions is proposed. It has been confirmed that the
relationship between the integral theorem and regularity can be dealt with using a regular
function of the hexadecimal number in a complex form. This also suggests that the contents
of other function theories can be addressed in the future.

Section 2 presents the elements and functions of sedenions, denoted by S, with two oc-
tonions, written as @ x O. Section 3 gives an extension to sedenions of the Cauchy—Riemann
equations, which is similar to the construction of quaternions and octonions. Also, we
define the regularity of a function and investigate some properties of regular functions
with values in O x Q.

2. Preliminaries

The Sedenions, denoted by S, are a non-commutative, 16-dimensional R-field consist-
ing of 16 base elements, ej, and an expression of the form

15
z=1Y exj, x (j=0,1,...,15) € R. (1)
j=0

The Table 1 below displays the rules of the 16 bases that comprise a sedenion.

Table 1. Rules of 16 base elements, ej.

X e el e e3 ey es €6 ey eg €9 e1o el e12 e13 e14 e1s
€0 € 5] (2] €3 €4 es 6 ez es €9 €10 €11 €12 €13 €14 €15
ey ey -1 es3 —e €5 —eéy ez —€6 €9 —eg €11 —€10 €13 —e12 €15 —€14
€2 € —e3 -1 €1 €6 —ez —€y €5 €10 —e11 —es €9 €14 —€5  —e12 €13
€3 €3 €2 —€ -1 ez €6 —¢65 —€y4 €11 €10 —€9 —eg €15 €14 —€13 —e12
€4 €4 —és5 —€6 —ez -1 €1 €2 €3 €12 €13 €14 €15 —es —€9 —€10 —ef11
es (43 €4 ez —€6 —€ -1 es3 —e2 €13 —e12 15 —€14 €9 —eg €11 —€10
€6 (43 —ey €4 es —e —e3 -1 €1 €14 —e15 —e12 €13 €10 —e11 —eg €9

4 ey €6 —és5 €4 —e3 €2 —e1 -1 €15 €14 —e13  —e€12 €11 €10 —€é9 —es
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Table 1. Cont.
X €o e1 ez es3 eq es €6 ey eg €9 €10 €11 €12 €13 €14 €15
es €s —€9 —€i0 —€11  —€12 —€13 —fiy —e€15 -1 €1 €2 €3 €4 es €6 ez
€9 €9 4] €11 —€10 —e€13 €12 €15 —€14 —e -1 es —ep —és5 €4 ez —€6
€10 €10 —e11 es €9 —€14 —€15 €12 €13 —e —e3 -1 €1 —€6 —ez €4 €5
€11 €11 €10 —€9 s —€15 €14 —e€13 €12 —e3 €2 —e1 -1 —e7 €6 —¢65 €4
€12 €12 —€13 —€i4 —e15 €s —€é9 —€10 —ef11 —é4 €5 €6 4 -1 €1 €2 €3
€13 €13 €12 €15 —€14 €9 es €11 —€10 —é5 —€ ez —€6 —e1 -1 €3 —e
€14 €14 —e15 €12 €13 €10 —e11 es €9 —€¢ —ey —e4 es —e —e3 -1 €1
€15 €15 €14 —e13 €12 €11 €10 —€é9 es —ez €6 —és5 —e€4 —e3 —e —e1 -1

The field of complex numbers, C, is equipped with an identity element, ¢y, and an
imaginary unit, e = v/—1. A sedenion, z, is represented by the form z = {y + e,
where ( := Z]7=0 ejxjand {p = ]7=0 ejxj;g are octonions, 0. The set O x O, where O
denotes the octonions, is non-commutative. It can be identified with Q2 and is defined as

{z=-eolo t+esC1|C; € O,j =0,1}. o
We give the non-commutative multiplication, %, of two sedenions, z = { + eg{; and
w = 1y + eg?f1, denoted by

-~ 1 _ — 1 — o
ZXW = E(COUO — &1 + 1080 — miG1) + 568@0771 + G170 — 061 — 71G0)

and
- 1 o — 1 [ =
WXz = 5(50770 — o171 + 1080 — M) + 568(—%’71 — 1m0 + 1081 +771C0)
1 _ -1 - o
= 5(Gorto — Gaij1 + 11060 — 1161) — 5es(Golft + Curjo — o1 — 71C0),

where

7 7

=25y and 7=} ey (j=0,1)

i=0 i=0

The process for calculating variables in the real number system is detailed in Appendix A.
The two equations, zxw and wxz, differ only in the sign of the basis, e.

The absolute value, |z|, and sedenionic conjugate number, z*, of z = {y + eg(; are
given by

|z| = Vzxz* = Vz¥ Xz =

15
) x]Z and z* =y — egly.
=0

3. Regularity of a Function with Values in O x O

Let Q) be an open subset of @ x @. We can define the function f(z) in the domain Q)
as f : O — 02, such that it satisfies the following equation:

z=(00,01) € Q= f(2) = £(C0, 1) = fo(Go, &) +esfi(o,01) € OF,
where fy = 217:0 ejuj, fr = 217:0 ejujirgand uj (j=0,1,...,15) are real-valued functions.

We consider the differential operators as follows:

0 d d
D = = —6g——, D>|< = t"‘@ 1
FTon Can TN an ag
I T I S I
2 ago aa 8 2 a% aa 8/
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9 _y7 50 9 _—y7 & 0
where o= ijo ¢ ax; and o= Z]:O ¢ T8
We have the Laplacian of 0?:

2 92 15 92

Dk;ZD* = — + — = —,
900000 90100 ]E) 9x?

where k =1, 2.
We have derived the following equations from the operators mentioned above:

ST ) 9 oh o 0 0
D1><f_<a§oJr +fosz +fla§1>+€8<a§0 el fag1 fla&)), 2)

3f0_% 9 .0 dfi , dfo w9
Dixf = (ag 1 foag0 fl > <E)§ +aCl foagl f1 >, 3)

Dz§f=<a§°+af1 fosg: +flag> (g?—ggﬂoag—fl%) @

and

.~ dfo af1 d ofr afo — 0
Dy x f <8§0 Yl fO fla€1> < 3o f()ag flago>. 5)

In order to understand how each term in Equations (2)—(5) is calculated, we have
provided a detailed calculation process in Appendix B using the real term system. The reg-
ularity of functions with values in @ x QO is defined by the results of Equations (2)—(5).
The following definitions and theorems are based on the works of Li et al. [14] and Lud-
kovski [15].

Definition 1. Let Q) be a domain in QO x Q. A function f(z) = fo(Zo,l1) + esf1(Qo, 1) is said
to be Ly.(Ry)-reqular in Q) if the following two conditions are satisfied:

(i)  foand fi are differential functions in (),

(i) DiXxf(z) =0 (f(z)xDj =0)inQ, wherek =1,2.

The equations (ii) mentioned in Definition 1 are equivalent to the following equations:
fork =1,

af() J afl fli 7—f17:—i+f0t/ (6)

o e T on T aa e T o e

and for k = 2,
ofp . @ _9fi ofi 9 _ 9fo 9
agﬁfoago ag1+flagl 0o fla@ ag1+foagl' @)

Moreover, f(z)xD; = 0if and only if D}Xf(z) =0 (k = 1,2).

As referred to by Kauhanen and Orelma [16] and Vinogradov [17], the equations in (6)
and (7) are the corresponding Cauchy—Riemann for the f(z) system in T. Let f(z) be a
Ly(Ry) (k =1,2)-regular function defined in (). The derivative f’(z) of f(z) is defined by

f'(z) = Dxf(2).
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According to Kauhanen and Orelma [16] and Vinogradov [17], Equations (6) and (7)
represent the Cauchy-Riemann system for the function, f(z), in T. For a Ly(Ry) (k = 1,2)-
regular function f(z) defined in ), we can define its derivative f'(z) as

f'(z) = DXf(2).

Theorem 1. Let Q) be a domain in O x O and f(z) be a Ly(Ry)-regular function defined on Q,
where (k =1,2). Then,

fl(z) = (az()+ag()> xXf=2 70 xf.

Proof. Since the function f(z) is Lx(Rk)-regular in (2, we have

sr (% 9h 0 O o _Ofo Fd 0
Dle_(ag Jrfoag +flagl>+€8<a€0 agl+f°agl fla€0>

:<az ag(,)f“f”(a@o a?o)“s{(azo ag0>f1 ﬁ(a?ﬁa?o)}

(o *55)%

Similarly, we obtain the equation Dy X f = (a% ago) xf. O

Theorem 2. Let a function, f(z), be Li(Ry)-regular in a domain G of O x Q and let

T = dzyNdzy Ndzs Ndzy Ndzy Ndzz ANdzy
—dzy Ndzo ANdzz ANdzy Ndz A dzz N dzgep
+dzy Adzy Ndzz Ndzy Ndzy A dzy A dzgey
—dzy Ndzy ANdzz ANdzy N\ dzqy A dz; A dzzeg.

Then, for any domain Q) C G with smooth boundary b(),

=0.
I

Proof. Let

= dzy Ndzop Ndzz Ndzy Ndzy A dzz N\ dzy,
T(2) dzy Ndzp Ndzz Ndzy N dzy A dzz N dzy,
T(3) dzq Ndzp Ndzg Ndzy Ndzq Ndzy A dzy,
Ty = dznA dzy ANdzz Ndzg Ndzy A dzy A dzs.

T

Then,

g = (79 2)€2 + T(3)€a — T(4)€6) (81 + g2€2 + 364 + gues)
= (glf 827( )+ 83T(3) — 8aT()) + (£2T(1) — §17(2) + 84T(3) — §3T(a))€2
(gsT( 1) — 84T(2) + 817(3) — 82T(a))ea + (84T(1) — 837T(2) + 827T(3) — §1T(4))%

_ (981, 92, 0% 3gs O 351 Ok O
d(tg) = (azl+a22+az3+az4>dv+<az1+azz+aZ3+a4)dV€2
9 9 s} ) 0 J d
L9 91 gz)dv +( 84 ﬁ+&+ﬁ)dvg6,

oz oz, o0z om o 0, oz | om
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where dV = dz; Adzy Ndzz Adzy A dzy A dzy A dzs A dzg, and by Equations (6) and (7) we
obtain d(7g) = 0. By Stoke’s theorem, we have

/borg:/ﬂd(rg)za
O

Theorem 3. Let Q) be a domain of holomorphy, C(C), with respect to the complex variables
21,722,273, 24. For any complex valued function ¢;(z)(i = 1,2,3,4) of class C? on Q), we can find an-
other complex valued function ¢;(z)(i = 1,2,3,4) of class C?> on Q, such that
8(z) = g1(2) + §2(2)ex + g3(2)es + g4(z)eq is a O-regular function on Q).

Proof. If g1 (z) is a complex-valued function of class C? on (), then there exists a complex-
valued function g, (z) of class C on Q). We consider the 1-form and the differential operator
on ():

(081 08 983 ., 081 083  O8a. . __
P o= (a5 + 9% + Tﬂ)dzl (78Z + 785 + 785)5122
d ) J ) J )

oz | 9z | oz oz | 9z, | oz

Then,we operate the operator, 9, from the left-hand side for the 1-form ¥ on Q:

_ 82 2 2 > 5 5
By = (oSl T Ta T Tw Tk
0Z10Z] 0Z10Z3 0Z10Zg 0Zp0Z; 0Z,0Z3 02,074

Pgs gz Py g Pg | Py

“ioon  9mon  9mon | 9mon | omon | amon 10 9B

%3 %84 %81 9’81 %84 9°¢3

)dz1 A dz

I8 g3 %81 g1 9’3 gy
Timin  9mim | 9mom | mom | amam | amem) 2 IR

i & 0 Ca 9 9
83 84 81 n 81 n 83 n 84 )d%3 A dZ3

ooz 0mon  0m0n | 0mom | 0mom | omom
023071 023073 023073 + 024071 + 02402 + aaaﬁ)dza N dzy.

Based on Equations (6) and (7), all coefficients turn out to be zero. According to
Hormander [18], the 0-closed form Y of z1,2p,23,and z4 is a 9-exact form on Q. Krantz [19]
states that since () is a domain of holomorphy, there exists a complex-valued function g;(z)
(where i = 1,2,3,4) of class C* on O, with a d-closed form P = §g2 (z) on Q. The form ¥ is
of z1,22,23, and z4 and is a 9-exact (0, 1)-form on Q. Moreover, ¢(z) is a O-regular function
on (). Using a similar approach, we can derive the desired outcome. [J

4. Conclusions

The sedenion is a number system consisting of 16 real numbers and their bases. It can
be expressed in the dual structure of octonions. By using the properties and characteristics
of octonions, we can investigate the regular function of a sedenion and the Cauchy—Riemann
equations derived from regularity. To understand the structure of a sedenion extended from
octonions, we can express it with two octonions. This helps us present a regular function
defined in the variable representing sedenion. We can also specify the Cauchy-Riemann
equations on sedenions corresponding to the structure of the two octonions. By constructing
Cauchy-Riemann equations, it is easy to determine the regular function on a sedenion. We
can also identify the characteristics of the regular function on a sedenion. By interpreting
the expansion of the number system using the structure of the lower number system, we
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can utilize the analytical properties and structure of the lower number system. Based on
the properties and structure of octonions, the regularity of a sedenion is defined. This helps
us derive the Cauchy—Riemann equation forms and applications. We can investigate the
properties of a regular function and their relationship with Cauchy-Riemann equations.

Operators in the complex sedenion number system are newly defined and used in
the corresponding number system. Although the operation is difficult to utilize in existing
lower number systems, the convenience of complex structures and the ability to quote the
algebraic results of lower number systems, especially quaternions and octonions, enables
the application of additional function theory and research into new proposals. Through
the attempts and results made in this paper, the use of a number system citing complex
number structures enables the formation of a higher-level number system. Also, based on
this, the following recent literature related to the use of lower number systems that deal
with complex number structures can be introduced.

In the field of signal processing, a theory proposed by Bhat et al. [20] has introduced
a new tool called the Wigner—Ville distribution (WVD) associated with quaternion offset
linear canonical transform (QOLCT). The main contribution of this work is the introduction
of WVD-QOLCT and an ambiguity function (AF) associated with QOLCT (AF-QOLCT).
Firstly, it proposed a definition of WVD-QOLCT and derived several important properties
such as dilation, nonlinearity, and boundedness. Secondly, they derived the AF for the
proposed transform and studied a number of important properties, including the recon-
struction formula associated with the AF. This work is an emerging tool in the field of signal
processing and can potentially contribute towards solving various signal processing-related
challenges. Oubba [21] has presented a comprehensive proof that establishes the validity of
any local and 2-local derivation of the generalized quaternion algebra H, g as a derivation.
This proof will entail a systematic and rigorous analysis of the algebraic structure of H, g,
as well as a thorough examination of its various properties and characteristics. Further-
more, this paper will also focus on determining the biderivations, commuting linear maps,
and centroid of H, g over the real numbers. This will require an in-depth investigation
of the various linear maps and their properties, as well as an analysis of the algebraic
operations that govern their behavior in relation to H, g. Through this analysis, we aim to
provide a comprehensive understanding of the algebraic structure of H, g and its various
properties. Achak et al. [22] have discussed some estimates that have various applica-
tions in interpolation theory. In particular, recent issues in image processing and singular
integral operators require the computation of appropriate estimates. Abilov et al. [23]
have proved two useful estimates for the Fourier transform in the space of square integral
multivariable functions on certain classes of functions characterized by the generalized
continuity modulus. These estimates are proven for only two variables, using a translation
operator. The purpose of this paper is to study these estimates for measurable sets from the
complex domain to a hypercomplex domain by using quaternion algebras, associated with
the quaternion linear canonical transform, constructed by the generalized Steklov function.

Funding: This study was supported by Dongguk University Research Fund 2021 and the National
Research Foundation of Korea (NRF) (2021R1F1A1063356).

Data Availability Statement: Data sharing is not applicable to this article as no new data were created
or analyzed in this study.

Conflicts of Interest: The author declares no conflicts of interest.

Appendix A
The specific calculation process in the real number system for variables is developed in
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Zol1 = X (xg — e1Xg — exX1g — e3X11 — €4X12 — €5X13 — €6X14 — €7X15)
—e1x1(Xg — e1X9 — e2X10 — €3X11 — e4X12 — 5X13 — €6X14 — €7X15)

— eaXx2(Xg — e1X9 — e2X1p — €3X1] — e4X12 — €5X13 — €6X14 — €7X15)

— e3x3(Xg — e1X9 — e2X10 — €3X11 — e4X12 — e5X13 — eeX14 — €7X15)
—QM@Vﬂﬁrﬂﬂm—%ﬁrﬂﬂu—%Myﬂﬂm—hﬁﬂ

— es5x5(Xg — e1X9 — e2X10 — €3X11 — e4X12 — 5X13 — €6X14 — €7X15)
— eXe(Xg — e1X9 — e2X10 — €3X1] — e4X12 — €5X13 — €6X14 — €7X15)
( )

— €7X7(Xg — €1X9 — €2X10 — €3X1]1 — €4X12 — €5X13 — €6X14 — €7X15),

Z001 = (x0Xg — e1XgXg — e2XgX19 — €3X0X11 — 4XoX12 — €5X0X13 — €6XX14 — €7X0X15)
+ (—e1x1xg — X1 X9 + €3X1X10 — €2X1X11 + €5X1X12 — €4X1X13 — €7X1X14 + CeX1X15)
+ (—eax2xg — €3x2Xg — X2X10 + €1X2X11 + €6X2X12 + 7X2X13 — €4X2X14 — €5X2X15)
+ (—e3x3xg + e2x3X9 — €1X3X19 — X3X11 + €7X3X12 — €6X3X13 + €5X3X14 — €4X3X15)
+ (—eqXx4Xg — €5X4X9 — €6X4X10 — e7X4X11 — XgX12 + €1X4X13 + 2X4X14 + €3X4X15)
+ (—es5x5x8 + e4X5X9 — e7X5X10 + €6X5X11 — €1X5X12 — X5X13 — €3X5X14 + €2X5X15)
+ (—esXpxg + €7X6X9 + €4X6X10 — €5X6X11 — €2X6X12 + €3X6X13 — X6X14 — €1X6X15)
+ (—e7x7xs — €6X7X9 + e5X7X10 + €4X7X11 — €3X7X12 — €2X7X13 + €1X7X14 — X7X15),

010 = Xg(Xp — €1X] — e2X2 — €3X3 — e4Xy — €5X5 — eeXg — €7X7)

—e1x9(Xg — e1X] — X2 — €3X3 — e4Xg — €5X5 — €Xg — €7X7)

— epx10(X0 — €1X1 — e2X2 — €3X3 — e4Xy — €5X5 — €Xg — €7X7)

—e3x11(X0 — €11 — e2X2 — €3X3 — €4X4 — €5X5 — €6Xp — €7X7)

— eqx12(X0 — €1X] — exXg — €3X3 — €4Xy — €5X5 — €6Xg — €7X7)

— e5x13(X0 — €1X1] — exXp — €3X3 — e4Xg — €5X5 — €6Xg — e7X7)

— e6x14(X0 — €1X1 — e2X2 — €3X3 — e4Xy — €5X5 — CeXg — €7X7)

—e7x15(X0 — €11 — e2X2 — €3X3 — €4X4 — €5X5 — €6X6 — €7X7),

0100 = (xgXxg — e1XgX] — €2XgXy — €3XgX3 — €4XgX4 — E5XgX5 — CXgXg — €7XgX7)

+ ( €1X9X) — X9X1 + €3X9Xp — €2X9X3 + €5X9X4 — €4X9X5 — €7X9Xg + 66X9X7)
+ (—eax10X0 — e3X10X1 — X10X2 + €1X10X3 + esX10X4 + €7X19X5 — e4X19X6 — €5X10X7)
+ (—e3x11X0 + e2X11X1] — €1X11X2 — X11X3 + €7X11Xg — €6X11X5 + €5X11 X6 — €4X11X7)
+ (—e4X12X0 — e5X12X] — €X12X2 — €7X12X3 — X12X4 + €1X12X5 + €2X12X6 + €3X12X7)
+ (—es5x13X0 + e4X13X1 — e7X13X2 + €6X13X3 — €1X13X4 — X13X5 — €3X13X6 + €2X13X7)
+ (—eeX14X0 + e7X14X1 + €4X14X2 — €5X14X3 — €2X14X4 + €3X14X5 — X14X6 — €1X14X7)
+ (—e7x15X0 — 6X15X1 + e5X15X2 + €4X15X3 — €3X15X4 — €2X15X5 + €1X15X6 — X15X7),

Tol1 = Xo(xg — e1X9 — e2X10 — €3X1] — €4X12 — €5X13 — eX14 — €7X]5)
+e1x1(xg — e1X9 — e2X10 — €3X11 — e4X12 — €5X13 — CeX14 — €7X15)
+exxp(xg — €1X9 — e2X10 — €3X11] — e4X12 — €5X13 — CeX14 — €7X15)
+e3x3(xg — €1X9 — e2X10 — €3X1] — e4X12 — €5X13 — CeX14 — €7X15)
+ eq4x4(xg — €1Xg — eaX10 — €3X11 — €4X12 — €5X13 — €6X14 — €7X15)
+ e5x5(xg — e1X9 — e2X10 — €3X11 — 4X12 — €5X13 — CeX14 — €7X15)
+ esx6(Xg — €1X9 — €2X10 — €3X11] — e4X12 — €5X13 — CeX14 — €7X15)

( )

+ eyx7(Xg — e1X9 — exX10 — €3X11 — €4X12 — €5X13 — €6X14 — €7X15),
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Zol1 = (x0Xg — e1XgX9 — exXpX10 — €3X0X11 — €4X0X12 — €5X0X13 — C6X0X14 — €7X0X15)
€1X1Xg + X1X9 — €3X1X10 + €2X1X11 — €5X1X12 + €4X1X13 + €7X1X14 — €6X1X15
e2X2Xg + €3XXg + XpX10 — €1X2X11 — €6X2X12 — €7X2X13 + €4X2X14 + €5X2X15
€3X3Xg — €2X3X9 + €1X3X10 + X3X11 — €7X3X12 T+ €6X3X13 — €5X3X14 + €4X3X15

e5X5X8 — €4X5X9 + €7X5X10 — €6X5X11 + €1X5X12 + X5X13 + €3X5X14 — €2X5X15
€6X6X8 — €7X6X9 — €4XeX10 + €5X6X11 + €2X6X12 — €3X6X13 + XeX14 + €1X6X15

++ + + ++ o+

( )
( )
( )
(e4x4Xg + e5X4X9 + 6X4X10 + €7X4X11 + X4X12 — €1X4X13 — €2X4X14 — €3X4X]5)
( )
( )
( )

€7X7Xg 1 €6X7X9 — €5X7X10 — €4X7X11 + €3X7X12 + €2X7X13 — €1X7X14 + X7X15),

0180 = xs(x0 + e1x1 + eaxa — e3X3 + e4Xq + €5X5 + eX + €7x7)

— 61X9(X0 +e1x1 +exxy + e3Xx3 + e4X4 + e5X5 + egXg + €7X7)
—exx10(x0 + e1x1 + exxp + e3x3 + eqxy + e5x5 + egxg + e7x7)
—e3x11 (X0 + €11 + €222 + €3x3 + e4x4 + e5x5 + €6 X6 + €7X7)
— eqx12(%0 + €1X1 + eaXa + €3X3 + esXg + e5X5 + €X6 + e7X7)
—e5x13(x0 + e1x1 + e2xp + e3x3 + eqxq + e5x5 + egxg + e7x7)
— egx14(x0 + e1x1 + e2xp + e3x3 + e4x4 + e5X5 + egxg + e7x7)
— e7x15(x0 + €1x1 + e2xy + €3x3 + esXy + €5X5 + €6X6 + €7X7),

and

0100 = (x8x0 + e1x8x7 + €2XgX) + €3X8X3 + €4X8X4 + €5XgX5 + €6XgXg + €7X8X7)

+ ( €1X9Xg + X9X1 — €3X9Xp + €2X9X3 — €5X9X4 + €4X9X5 + €7X9Xg — 66X9X7)

+ (—eax10X0 + e3X10X1 + X10X2 — €1X10X3 — eeX10X4 — €7X10X5 + €4X10X6 + €5X10X7)

+ (—e3x11X0 — e2X11X1 + €1X11X2 + X11X3 — €7X11X4 + €6X11X5 — €5X11 X6 + €4X11X7)

+ (—eqx12X0 + e5X12X] + €6X12X2 + €7X12X3 + X12X4 — €1X12X5 — €2X12X6 — €3X12X7)

+ (—es5x13X0 — e4X13X1 + €7X13X2 — €6X13X3 + €1X13X4 + X13X5 + €3X13X6 — €2X13X7)

+ (—eeX14X0 — €7X14X1 — €4X14X2 + €5X14X3 + €2X14X4 — €3X14X5 + X14X6 + €1X14X7)
+ (—e7x15X0 + e6X15X1 — e5X15X2 — 4X15X3 + €3X15X4 + €2X15X5 — €1X15X6 + X15X7).

Appendix B

In order to examine the specific calculation process for each term expressed in
Equations (2)—(5), the calculation is developed in the real term system in

0 d
—fo = = (uo + e1u1 + exun + e3us + equiy + esus + eglig + eziy)
a0 9xo
0
— elg(uo + e1uU1 + exlny + e3Uz + egliyg + esis + eglg + €7u7)
1
0
— €2$(1¢0 + equq + ey + e3uUsz + eglly + esus + eglig + €7u7)
2

d
—e3=— (g + equq + exuip + ezuz + eqiiy + esiis + eglg + e7ily)
aX3
d
—ey— (uo + equq + ey + e3usz + egly + esus + eglig + €7u7)
8x4
d
—e5=— (uo + equUq + exupy + e3uU3z + egly + esis + eglig + €7u7)
aX5
d
—eg=— o (uo + equUq + ey + e3uU3z + eqly + esis + eglig + €7u7)
6

(uo + e1U1 + ey + e3Uz + egly + esis + egllg + €7u7)
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0 auo 8u1 auz 8u3 au4 au5 8u6 8u7

%foz (TXO +61TXO +62%763E+64E+8587X0 +e687360+6787360)
auo aul auz 8u3 8u4 8u5 au6 au7
+ ( ‘a 8x1 8x1 € 8x1 e ax1 ¢ aX1 te axl ter 8x1 ¢ 8x1 )
auo 8u1 auz 8u3 au4 au5 au6 E)uy
+(_62E+33E E—elaixz—€6aixz—e7aixz +€4E+€5E)
auo 8u1 au2 au3 8u4 8u5 8u6 au7
+ ( “ 8x3 e aJC3 1 aX3 aX3 ¢ 8x3 % 8x3 e 8x3 “ a.‘X3 )
auo 8u1 8u2 aug au4 au5 8u6 E)uy
+(_64E+65E+66TX4 +€787x4 TM—€1E—€2M—€3M)
dug duq duln dusz duy  dus dulg duy
+ ( e 8x5 e BX5 ¢ aX5 ¢ aX5 te BX5 + BX5 tes 8x5 e 8x5)
dug duq duly duz duly dus  dug duy
+( 3687% 5787% 3487% ESaTcé ezaT% 3387% aT% ela)
auo au1 auz 8u3 8u4 8u5 au6 au7
+ ( ¢7 aJC7 te aX7 = BX7 4 aX7 tes E)x7 te aX7 ° aX7 aX7 !
fod — (e el 00 0,99
0920~ “oxg  lox;  oxy Coxz  toxs Coxs  Coxg oxy
PRI NN IR JODL TN S SENE SR
B dxg 18x1 Zaxz 38x3 48x4 5E)xg, 68x6 78x7
+€M(7_gi_ei_ei_ei_ei_ei_ei)
272 dxg ! dxq 28x2 38x3 48x4 58x5 68x6 78x7
P SN TP RN RO N SR M B
3% axo ! 8x1 289(2 333(3 43)(4 58)(5 68x6 789(7
+6u(7_ei_ei_ei_ei_ei_ei_ei)
4t dxg 18x1 Zaxz 38x3 48x4 5E)xg, 68x6 78x7
+€M(7_gi_ei_ei_ei_ei_ei_ei)
> dxg ! dxq 28x2 38x3 48x4 58x5 68x6 78x7
+€1/l(7_ei_ei_ei_ei_ei_ei_ei)
676 axo ! 8x1 289(2 333(3 43)(4 58)(5 68x6 789(7
+ezu )(7—6 i_e i_e i_e i_e i_e i_e i)
T 9x0  'ox;  Poxa  Coxs toxg  Coxs  Coxg oxy
0 _ (o _, %0 O Oy | dug Oy  Oup g
o3 = o % Pom, Paxs  Yom Coxs  “oxg  Toxy)
aul aul E)ul 8u1 E)ul 8u1 aul aul
+a dxp + dxq “ dxo K dx3 ¢ dxy te dxs ter dxe % axy)
8u2 auz auz auz 8u2 auz auz auz
+(€287x0+6’387x1+87x2 3187363 66@ 67%+e4a+8587x7)
8u3 aug au3 au3 8u3 au3 8u3 6u3
+ (63 axo e axl ° BX2 BX3 ¢ 8x4 ¢ aX5 ¢ ax6 e aX7 )
8u4 8u4 8u4 E)u4 8u4 8u4 8u4 8u4
+ (e dxp tes dxq + e dxp ter dx3 + dxy ‘ dxs e dxe “ axy)
8u5 au5 au5 81/[5 8u5 8u5 8u5 au5
+(65E 84873('1 6787362 66E+61E+%+63E eZTM)
8u6 au6 au6 8u6 8u6 8u6 8u6 6u6
+ (e6 axo €7 axl c BX2 ¢ 8x3 e aX4 € aJC5 ax6 ‘ aX7 )
au7 8u7 8u7 au7 au7 8u7 au7 au7
+(€7E+36aixl 65872 64E +€3E+€2E elaixé BTW)'
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0 — d
%fl = %(MS — e1lg — egliyg — e3U1] — eqli1p — es5U13 — egli14 — €7lU15)
- el%(”S — e1lg — egliyg — e3U1] — eqli1p — e5U13 — epl14 — €7U15)
- ezﬁlo(us — e1Ug — egli1g — e3U1] — €qli1y — e5U13 — epli14 — €7l15)
?_( )
- esﬁ Ug — e1ig — eaU10 — €3U11] — eq4U12 — €5U13 — €pl14 — €7UT5
- E4E(”8 — e1g — egli1g — e3U1] — eqli1p — e5U13 — epli14 — €7l15)
- 65@(”8 — e1llg — egli1g — e3U] — egli1y — €5U13 — Eeli14 — €7l15)
d
- eeﬂ(us — e1lUg — egli1g — e3U1] — eqli1p — e5U13 — epl14 — €7l15)
d
- €7ﬂ(u8 — el — epli1g — e3l1] — eqli1y — e5U13 — eglh14 — €7li1s),
d f—l _ (aug e aug e 8u10 — e 8u11 e aulz e 8u13 _ 8u14 . 781/[15)
agl axg axg axg axg 8x8 axg axg axg
aug aug auw 8u11 auu 8u13 8u14 au15
+ (15— —s— t+e —e +e —e —e +e
( Lox dx 3 ox 2 9x °9x 4 9x 7 ox 6 9x )
9 9 9 9 9 9 9 9
+ (—62 8u8 — e 8u9 . 8u10 e 8u11 Tes 8u12 te 8u13 e 8u14 . 581/[15)
9x19 dxyp  9x10 9x10 9x10 dx19 9x10 dx10
+ (*63 aug te E)ug —e aulo o aun 6781/{12 — e au13 tes 8u14 B 431/{15)
axn axn axll 8x11 axll 8x11 Bxu an
+ (—8 8ug ~es 8u9 — e auw . 6781411 . 8u12 e au13 teo 8u14 + e 8u15)
48x12 8x12 aXu 8x12 8x12 ! axlz ax12 8x12
4 (—85 aug tey aug — e E)ulo +oeg 8u11 . laulz . 8u13 . 381114 te 8u15>
ax13 8x13 ax13 8x13 aJC13 ax13 8x13 aX13
+ (—86 8ug te 8u9 +e aulo e aun e au12 e au13 . 8u14 . 8u15)
8x14 8x14 489(14 8x14 8x14 8x14 aX14 ! 8x14
4 (—87 aug — e aug tes Bum te 8u11 — e aulz . 281/113 . 81414 . 8u15
aX15 8x15 ax15 aX15 ax15 8x15 8x15 aJC15 !
f ‘ ( o + + + + + + )
1= = Ul - 1€ €2 €3 €4 5 6 €7
(1 dxg dxg dx1g dx1q dx1o dx13 dx14 dx15
+ e1ug( J + J + + + + + + )
e U9\ — 1 =— e (4 e (4 (4 e
1 axg ! aX9 289(10 3aX11 48x12 58X13 68x14 789(15
d d d
+euip(s— te1g— +e +e +e +e +e +e
2 10( aXS ! aXQ 2 8x10 3 axu 4 axlz > ax13 6 ax14 78x15 )
d 0 d 0
—+ e3u — +e1=—+e +e +e +e + e +e
3 ll(an 183(9 28x10 38x11 48x12 58x13 68x14 78x15)
d 0 d
+equpp(z—+e1s— +e +e +e +e +e +e
4 12( Bxg ! aX9 2 axm 3 ax11 4 6x12 > 8x13 6 8x14 78x15 )

d
+ 851113(% + e E + e 110 +e3 on +eyq 9112 +e5 9113 + e r1s + ey s )

0 d
* e6ul4(% - “oxg e dx10 e dx11 T dx12 e dx13 ee 0x14 e 8x15>
d d

8x10 + e Bxll + e axlz + % 8x13 + % 8x14 + €7 8x15 ),

+ eyu )(i+€i+e
7i5) (5 T elgy, T2
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and
d aug E)ug aug d d aug aug
— = +e +e +e +e +e +
flaél (55 T, e P P i 69x1s 7ax15)
Uy dug dug Uy dug
e\l =— e1=— e 4 e 4 4 e
+ 1(8.7(8 ta d 9 + 28x10 + 383611 + 483612 + 583(13 + 68x14 + 78x15)
Bulo aulo auw aulo aulo auw aulo auw
e + +e +e
+ 2< axg te aJC9 + 2ax10 38x11 + 4aX12 589(13 + 68)(14 78x15)
azm 8u11 au11 aun au11 8u11 8u11 au11
+e + + +e + + +e +e
3( axg 1 d 9 E)xlo axu 4ax12 589(13 68x14 7ax15 )
8u12 au12 8u12 8u12 8u12 8u12 8u12 8u12
tea( G T % T 2000 TPy T %oy T Paxns  ©ory T T onss)
13 duy3 duy3 duys duy3 duys duy3 duy3
+e +e +e + + +e + +e
53 axe %00 TP T Horn T Baxs T Ok T s
Jui1y dui14 du14 Jui14 du14 Jui14 Jui14 du14
+e + +e + +e +e + +e
6( axg 1 aJC9 d 10 383(11 48x12 589{13 683(14 ax15 )
du1s du1s du1s du1s du1s du1s du1s du1s
e 4 e e (4 .
+ 7(8 + 18 9 + 28X10+ 38x11+ 48x12+ 58x13+ 68x14+ BX15)
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