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Abstract: In response to the challenges of karst geophysical exploration in an environment with strong
external interference, this paper proposes a new method, namely the frequency-Bessel transform
method, for extracting multi-order dispersion curves of surface waves from background noise to
characterize karst. The observation noise data of the Wuhan karst development area are used
as an example, where the dolomitic limestone and limestone mixed with dolomite of the Jialing
River Formation of the middle lower Triassic are widely developed in the observation area. The
frequency-Bessel transform method involves performing a Bessel integral transformation on the
cross-correlation coefficient of background noise in the frequency domain. Firstly, by synthesizing
theoretical noise data and comparing it with the spatial autocorrelation method—which is currently
the main method for extracting the fundamental dispersion curve of surface waves—it is verified
that the frequency-Bessel transform method can extract the higher-mode dispersion curve. Then,
by taking the actual measured single-point noise data as an example, the effect of applying the
frequency-Bessel transform to the actual noise data is tested, and the inversion of the fine structure of
the strata by the addition of higher-mode dispersion, the use of the damped least squares inversion
method, and the joint inversion of fundamental and higher-mode dispersion curves are analyzed. The
higher-mode dispersion curve of Rayleigh surface wave extracted by the frequency-Bessel transform
is much clearer, and the 2D shear wave velocity structure profile obtained from inversion explains the
karst development area, karst strip area, and thickness of the Quaternary overburden. The inferred
results match with the actual borehole data. Multi-mode imaging of background noise based on the
frequency-Bessel method can be applied to depict karst in complex backgrounds, and has significant
potentiality in the field of ambient seismic noise tomography, providing a new idea and method for
karst detection in near-surface engineering.

Keywords: Wuhan karst; background noise; surface wave multi-mode; higher-mode dispersion;
frequency-Bessel transform; damped least squares inversion; geophysical exploration

1. Introduction

Karst is a cavity formed by carbonate under the long-term action of groundwater,
and is still a technical problem in the field of geological and engineering exploration due
to the irregularity and unevenness of its spatial development. Karst features, such as
joints, fissures, and cavities, directly affect the mechanical properties of bedrock and are
prone to triggering geological disasters, posing potential risks to human construction
projects [1-3]. In near-surface karst exploration, geophysical methods have been proved to
be effective in many karst surveys [4]. Ground penetrating radar (GPR) has high resolution
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and is usually used for the imaging of shallow caves [5,6]. Three-dimensional geological
modeling using resistivity tomography (ERT) data can describe the spatial characteristics
of underground karst and has been successfully applied in the Lascaux area (France) [7].
In Algeria, the geological hazards of karst collapse in the Sahara Basin were investigated
by using magnetotelluric three-dimensional inversion technology [8]. Seismic wave CT
(computerized tomography) technology was used to detect the fine structure of karst in
the Shenzhen (China) Metro Line 14 [9], but there is a high requirement for the spacing
between boreholes in CT technology. In addition, seismic refraction tomography [10-12]
is also a common geophysical method for karst detection, and microgravity detection has
been used to detect shallow karst caves and filling karst caves in Norway [13]. All the above
work is based on geophysical exploration technology using active source data. Due to the
complex weathering of near-surface strata and rich environmental noise, the background
noise imaging method based on spatial autocorrelation is widely used at present [14-16].
However, the theoretical calculation formula of the SPAC method usually assumes that the
Rayleigh surface wave of the fundamental mode is dominant [17], and that the dispersion
information of the higher mode is not available. However, researchers have found that the
dispersion signal of the higher mode is more sensitive to the formation parameters. A large
number of studies [18-20] have shown that the joint calculation of surface wave dispersion
signals using fundamental and higher-mode modes can reduce the multiplicity of inversion,
improve inversion accuracy, and obtain a more accurate S-wave velocity structure.

The energy of the higher-mode surface wave is weak, the amplitude varies greatly
with the period, and the energy distribution of different modes of the surface wave in
different frequency ranges is also different, so it is difficult to extract higher-mode dispersion
information from background noise data by traditional methods. The new algorithm of
the frequency-Bessel function transform can theoretically calculate the fundamental and
higher-mode dispersion curves of the Rayleigh surface wave [21]. By linking the frequency-
Bessel transform to the spatial autocorrelation coefficients and extending the method to the
multi-component spatial autocorrelation tensor, the phase velocity dispersion curve of the
multi-mode Love wave and the ellipticity of the higher-mode Rayleigh surface wave can
be extracted [22].

At present, the nonlinear algorithms for the inversion of the shear velocity struc-
ture of Rayleigh surface wave dispersion curves mainly include the simulated annealing
method [23], genetic algorithm [24], wavelet transform method [25], particle swarm opti-
mization [26], Bayesian inversion method [27], artificial neural network algorithm [28], and
new intelligent algorithm [29]. The inversion of Rayleigh surface wave dispersion curves is
nonlinear, multi-parameter, and multi-extremum, and the effect of the above algorithms is
not very significant in practical application.

In this paper, the frequency-Bessel function transform is used to extract the multi-
order dispersion curves from background noise data from stations in the karst area, and
then the damped least squares algorithm with mature methods, fast operation speed,
and high inversion accuracy is used to invert the multi-order dispersion curves of the
Rayleigh surface wave. With the introduction of the new method, the theoretical and
practical effect of higher-mode dispersion in the extraction of background noise data by the
frequency-Bessel function method is discussed. The damped least squares algorithm for
the inversion of the shear wave velocity structure improves the ability to depict karst in
complex near-surface environments, and provides a new idea and method for detecting
karst in near-surface engineering.

2. Materials and Methods
2.1. Theory of the Frequency-Bessel Transform

The spatial autocorrelation theory has been derived in detail in many references [30-32],
which is considered mature for extracting the fundamental dispersion cure; this section
mainly introduces the derivation process of the frequency-Bessel transform. Previous
research [33] proved that the Fourier transform of the cross-correlation function between
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the noise data records observed at any two stations x; and x, on the surface at the same
time is proportional to the imaginary part of Green’s function; the difference between the
two is only in amplitude, and the relationship between them can be expressed as follows:

C(r,w) =~ A Im{Gz:(r,z=0,w)} 1)

where C(r, w) is the Fourier transform of the cross-correlation function; A is a constant; r is
the distance between the two stations; w is the angular frequency; and G.;(r,z = 0, w) is
the surface Green’s function of the vertical component. Therefore, the theoretical formula
of the frequency-Bessel function transform is derived as follows:

/ T Clr, @) Jo(kr)rdr ~ Adm{ga(z = 0,w, k)} @

where J(kr) is the first type of zero-order Bessel function; g, (, w, k) is the kernel function
of Green’s function; and k is the wave number. According to the nature of the kernel
function, when the wave number k is at the dispersion point, the dispersion point of the
kernel function approaches infinity, the dispersion point is the singularity of the kernel
function, and the value corresponds to the dispersion curve [34,35]. The integral operation
on the left side of Equation (2) can be simplified as the sum of finite terms; C(r,w) is
expressed as:

C(r,w) =~ a; + br 3)

where coefficient b; = [C(r;,w) — C(ri_1,w)]|/(r; —ri_1); coefficient a; = C(r;_1, w)+
[C(r;,w) — C(rj_1,w)]ri_1/(ri — ri_1); and r; is the distance between stations of the cross-
correlation spectrum C(r;, w) in the frequency domain. According to the recursive property
of Bessel function:

{ J xo(x)dx = xJy (x) 4)
I x2o(x)dx = x2J; (x) + xJo(x) — [ Jo(x)

By using Equation (4), the integral term on the left side of the frequency-Bessel trans-
form Equation (2) can be derived as [36]:

[oF C(r, w)Jo (kr)rdr = ‘ ‘”{] }‘

=1 ©)
2T (6r) + 1o(x) } o Jo(gr)dr

T
riq

According to Equation (5), the theoretical calculation of the frequency-Bessel function
of the noise data is carried out, and the dispersion curves can be obtained by picking up the
energy maximum in the dispersion diagram. The implementation process of this method
mainly consists of the following aspects:

Firstly, for a given seismic observation array, the spectral cross-correlation functions
for all possible station pairs are calculated after preprocessing the ambient seismic records.
Secondly, the spectral CCFs are ordered as a function of the inter-station distance r; and
subjected to the frequency-Bessel transform. The frequency-Bessel spectral map is calcu-
lated by the discrete summation formula for each given w. Finally, with the help of image
recognition algorithms, dispersion curves can be identified from images.

The frequency-Bessel transform is an effective method to extract multimode dispersion
curves from ambient background noise. Several local and regional applications have
demonstrated the applicability of the method approach [37].

With the high frequency dispersion information extracted by the frequency-Bessel
method, we can obtain not only the short wavelength information of the fundamental mode,
but also the long wavelength information of the higher mode of the surface wave [38].
Constrains on short and long wavelength information in the high frequency range can
reduce the uncertainty of the inversion.
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2.2. Test with Synthetic Background Noise Data

In order to test the effect of the frequency-Bessel transform in extracting multi-order
dispersion curves from background noise data, we designed a theoretical model of four
layers of horizontally layered media to synthesize noise data. The P-wave and S-wave
velocity, density, and depth of each stratum are based on the borehole data collected in the
paper. The specific parameters of physical properties are shown in Table 1.

Table 1. Model parameters.

Layer No Depth (m) P-Wave Velocity (m/s) S-Wave Velocity (m/s) ]()ge/e:;llg
1 0 225 130 1.72
2 4 450 260 1.91
3 10 658 380 1.97
4 27 1593 920 2.87

By the simulation method proposed by Wang et al., in the paper, the center frequency
of 6-10 Hz Reyker wavelet was selected as the source time function, and the discrete
wavenumber method was used to randomly generate 1000 vertical noise signals. The
source intensity was between 0.001 and 1, with a signal sampling interval of 6 ms, and
acquisition time of 60 s. The observation system (Figure 1) adopted a linear arrangement of
60 stations for reception, represented by red dots with a spacing of 2.5 m. The randomly
distributed noise is located between the inner and outer circles, represented by blue dots,
with an inner circle radius of 500 m and an outer circle radius of 1500 m.

1.5

y (km)

X (km)

Figure 1. Observation system of synthetic background noise.

The synthesized noise data were segmented by 5 s, and the dispersion energy super-
position was calculated by the spatial autocorrelation method and the frequency-Bessel
transform algorithm, respectively (Figure 2). Among them, the dispersion spectrum cal-
culated by the spatial autocorrelation (a) had a well-developed fundamental dispersion,
mainly concentrated at 7-20 Hz, but there was no higher-mode dispersion information
in the dispersion spectrum. The dispersion spectrum calculated by the frequency-Bessel
transform (b) developed multi-order mode dispersion, with the dispersion of fundamental
mode being concentrated at 7-20 Hz, and the higher-mode dispersion also being clear and
continuous. It can be seen that the information of the dispersion spectrum provided by
the frequency-Bessel transform is more abundant. The synthetic noise data also confirms
the theoretical basis and computational effectiveness of the frequency-Bessel transform in
extracting multi-order dispersion information.
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Figure 2. Dispersion spectrograms calculated by different methods. (a) Dispersion spectrum cal-
culated by the spatial autocorrelation (SPAC) method. (b) Dispersion spectrum calculated by the
frequency-Bessel method.

3. Application to Field Data
3.1. Geological Background

The geotectonic structure of Wuhan City straddles two major primary tectonic units:
the Yangtze landmass and the Qinling-Dabie orogenic belt. It is bounded by the Xiangfan-
Guangji Fault, the southern side is the southeastern Eurasian Fold Belt of the lower Yangzte
landmass, and the northern side is the Qinling arc-basin system of the Qinling-Dabie
orogenic belt. Wuhan is dominated by a denudation landform and an alluvial lacustrine
plain landform, the surface is widely distributed within a Quaternary loose accumulation
layer, and the underlying bedrock is dominated by four sets of carbonate rocks.

The karst area in Wuhan is mainly distributed in strips in the Daye stratigraphic
community of the lower Yangzte stratigraphic division in the southern Yangzte stratigraphic
region, with hidden karst as the main form. The karst forms are mainly karst gaps, karst
pores, and small-scale karst caves, with filling karst caves as the main form.

The main soluble rocks are dolomitic limestone and limestone intercalated with
dolomite of the Jialing River Formation in the middle and lower Triassic, and limestone
of Daye Formation in the lower Triassic. Meanwhile, there is also chert nodule limestone
of the Qixia Formation in the lower Permian, thick layered dolomite and limestone of the
Chuanshan Formation and Huanglong Formation in the upper Carboniferous, and clay-
stone intercalated with limestone of the Hezhou Formation in the lower Permian. Among
them, the highest degree of karst development is found in the Huanglong Formation and
Chuanshan Formation in the upper Carboniferous.

3.2. Background Noise Data Acquisition

The point of noise data acquisition is located in the karst development area of Jinshui
Street in Wuhan, China, with roads and villages evenly distributed around the acquisition
point, and rich noise sources (Figure 3). The instrument used in this research was the three-
component McSEIS-AT seismic station produced by Japan’s OYO company, with a main
geophone frequency of 2 Hz. There are no specific requirements of the frequency-Bessel
calculation for the observation system, which can be either randomly distributed or linearly
arranged. A total of 7 three-component seismic stations were arranged on the site to observe
in a linear arrangement (Figure 4), with a station spacing of 5 m, sampling rate of 4 ms, and
acquisition time of 30 min. After the completion of each observation duration, the overall
arrangement was moved forward by 1 station spacing and the collection continued for 30 min.
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Figure 3. The geological map and location of survey lines in the study area.
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Figure 4. Schematic layout of field data acquisition. (a) Diagram of station observation system.

(b) Wave diagram of data collected by 7 seismic stations.

A total of 45 sets of background noise data were collected this time. The observation

system was designed to facilitate the comparison of the actual dispersion curves calculated
by the spatial autocorrelation method and the frequency-Bessel transform.
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3.3. Dispersion Curve Calculation

The collected noise data needed to be preprocessed, and the current preprocessing
methods [39] include de-instrument response, mean removal, linear trend removal, band-
pass filtering, spectral whitening, etc. In the paper, we mainly used mean removal, linear
trend removal, and one-bit normalization. The specific processing is as follows: the noise
record was segmented as a small window signal, with a general value of 5 s to 30 s, and the
specific window value requires parameter testing; the spatial cross-correlation coefficients
between each two sets of station pairs within the hour window were calculated, and
the cross-correlation spectrum was averaged, which is the process of improving imaging
resolution; by integrating the superimposed correlation spectrum, the frequency phase
velocity energy spectrum of the noise signal was calculated, and the fundamental and
higher-mode dispersion curves in the dispersion spectrum were further extracted.

The spatial autocorrelation method and frequency-Bessel transform method were
used to calculate the dispersion spectrum. The noise was divided according to the 20 s
time window, and the frequency range was set between 1 Hz and 20 Hz, with a frequency
interval of 0.1 Hz. The phase velocity calculation range was 10-1000 m/s, with a phase
velocity interval of 5m/s.

3.4. Multi-Mode Dispersion Curve Comparison

Figure 5 shows the dispersion energy spectrum calculated by the working stations,
including the spatial autocorrelation method and the frequency-Bessel function transform.
There are some differences in dispersion modes between the two methods. The first higher-
mode curve calculated by the frequency-Bessel transform method for partial frequencies
above 10 Hz is more obvious, while by the spatial autocorrelation method the higher-mode
data are not detected and a phenomenon of mode crossover with fundamental dispersion
is exhibited. The frequency-Bessel transform method has a larger dispersion distribution
range of the fundamental mode in frequencies below 10 Hz than the spectral range calcu-
lated by the spatial autocorrelation method. The signal-to-noise ratio of dispersion energy
is also significantly high, and the dispersion energy is continuous, which makes it easier
to identify and extract the dispersion points. When the frequency is higher than 10 Hz,
the energy carried by the fundamental mode is much lower than that of the higher-mode
mode. When the fundamental signal is disturbed by the higher-mode dispersion or body
wave, it is necessary to use the higher-mode mode information to calculate the shear wave
velocity structure.

S
S
S

fundamental

higher mode

x®
[=3
<

fiHz) 5 10 15 20 fiHz) 5 10 15 20

I | I I I

0 01 02 03 04 05 06 07 0.8 09 1
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Figure 5. Comparison diagram of dispersion energy spectrum of measured data. (a) Dispersion
spectrum of the spatial autocorrelation method. (b) Dispersion spectrum of the frequency-Bessel

transform method.
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Therefore, the comparison diagram of the dispersion energy spectrum also indicates
that the higher-mode dispersion curve cannot be extracted from background noise only
by the spatial autocorrelation method, resulting in multiple solutions and instability of
inversion by using only the fundamental mode.

4. Joint Inversion
4.1. Damped Least Squares Inversion

In recent years, there have been many studies on the inversion methods of Rayleigh
surface wave fundamental dispersion curves, among which the damped least squares
algorithm has been widely used due to its fast operation speed and high inversion accuracy.
In the paper, the damped least squares method is used to invert the fundamental and
higher-mode dispersion curves of the surface wave extracted from background noise, and
to calculate the shear wave velocity structure of the strata. The multi-order joint inversion
by the damped least squares algorithm is similar to the fundamental inversion method.
The difference is that the higher-mode mode data are added in the inversion process, and
the partial derivatives of the fundamental mode and the higher-mode mode to the shear
velocity need to be calculated separately when calculating the Jacobi matrix [40]. Due to
the low sensitivity of the Rayleigh wave phase velocity to density and P-wave velocity,
only two parameters, namely S-wave velocity and layer thickness, are calculated in the
inversion of the theoretical model in the paper.

The objective function of the damped least squares inversion [41] is defined as:

¢ = [[JAx — Ab|[;W[[JAx — Abl|, + o[ Ax]|3 (6)

where x = [vg1, Vg2, Vg3, - - -, vsn]T is the n-dimensional length vector of shear wave velocity,
b = [b1,by, b3, ..., bm] T is the m-dimensional length vector of Rayleigh wave phase velocity,
Ax is the correction of shear wave velocity, Ab is the difference between the initial value
model response and the observed data, ] is the Jacobi matrix with m rows and n columns,
« is the damping factor, W is the weighting matrix, W = LTL, and L is the diagonal
matrix, which represents the partial derivative of phase velocity with respect to shear wave
velocity. According to the singular value decomposition method, the correction of shear
wave velocity can be obtained as follows:

Ax = V(A2 + od) “AUTd @)

where I is the identity matrix, d = Lb, and d is the phase velocity matrix. The damping
factor o controls the direction and convergence rate of the shear wave velocity correction,
and the stability and convergence of the inversion process can be controlled by adjusting
the « value. According to Equation (7), without considering the number of damping factor
changes, the appropriate S-wave velocity correction can be calculated once by singular
value decomposition, and the inversion process can be realized.

4.2. Multi-Order Joint Inversion of S-Wave Velocity Structure

Real strata are often not the ideal models of increasing velocity. When there is a
low velocity or high velocity layer sandwiched between a layer in the middle, the energy
distribution of each model of the surface wave will change, and the velocity curves of each
model will also exhibit the phenomenon of mode crossover. Researchers [42] compared
the dispersion curves extracted from the numerical simulation of the Rayleigh wave field
with those calculated from the dispersion equation, and analyzed the energy distribution
characteristics of the multi-order mode in the Rayleigh wave field. When dispersion of
higher-mode energy dominates, the development of the fundamental surface wave cannot
be observed in the dispersion energy spectrum. It is very necessary to introduce the
joint inversion of fundamental and higher-mode surface wave dispersion. At present, the
joint inversion of fundamental and higher-mode dispersion curves is mainly applied in
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the direction of the active source of the Rayleigh surface wave, and the inversion effect
has been theoretically and practically verified. However, in the past, background noise
dispersion curves were mostly inverted using the fundamental dispersion curve, and the
joint inversion effect of measured data needs to be verified by more application cases.

In the paper, we take the dispersion curves of measured noise data in Figure 4 as
an example. An initial number of 10 layers was adopted for the inversion model of the
fundamental and higher-mode dispersion curves, and the values of S-wave velocity, P-
wave velocity, density, layer thickness, and depth of the model layers were given. S-wave
velocity and P-wave velocity were converted according to a certain Poisson’s ratio, and the
layer thickness increment factor was 1.1. The minimum S-wave velocity value was 100 m/s,
the maximum S-wave velocity value was 3000 m/s, the maximum number of iterations
was 20, and the root mean square error limit was 0.10 m/s.

Figure 6a shows a monotonically increasing trend of shear wave velocity in the stratum
of the fundamental mode dispersion inversion, which does not match the stratum structure
of the test area. With the addition of the first higher-mode dispersion information, Figure 7a
shows the S-wave velocity inversion in both shallow 12.4 m and deep 67.4 m, which is
closer to the real stratum situation. Figure 6b shows the dispersion curve of measured noise
data picked up in the fundamental mode and the theoretical dispersion curve calculated
after the initial model iteration, and Figure 7b shows the dispersion curve of the inversion
in the fundamental mode, and the first higher-mode fitting the measured data dispersion
curve. It can be seen that the joint inversion of the multi-order dispersion with the addition
of higher-mode dispersion has a higher resolution of the stratum and can distinguish more
detailed layers. In the dispersion curve below the 3 Hz band, the multi-order mode fits
the measured dispersion curve better than the fundamental mode does. In the dispersion
curve above 15 Hz, the fundamental and higher-mode dispersion shows a trend of mode
crossover, which is close to the occurrence of a missing stratum, or inversion in real strata.

0.0 1000
Initial ** Measured dispersion curve
12.4- — - 900
| = Inversion Inversion dispersion curve

27 34 ¥ 8001

} —~ 7001
&

£ 4557 l < 6001
= ; ©

& \ ~15001
Q 67.4- e 2
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2001 .
""‘-u
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(a) 100 (b)
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Figure 6. Inversion results of fundamental mode. (a) S-wave velocity structure of fundamental mode
inversion. (b) Dispersion curve of measured noise data picked up in fundamental mode and the
theoretical dispersion curve calculated after the initial model iteration.

The joint inversion of the fundamental and higher-mode dispersion of measured noise
data through the frequency-Bessel transform results in a S-wave velocity structure that
is more consistent with the sedimentary characteristics of real strata, laying a reliable
theoretical basis for the calculation and interpretation of two-dimensional profiles, and at
the same time providing a new method for the detection of karst development under the
Quaternary overburden.
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Figure 7. Joint inversion results of fundamental and higher-mode curves. (a) S-wave velocity
structure of fundamental and higher-mode inversion. (b) Dispersion curve of the inversion in the
fundamental and first higher-mode fitting the measured data dispersion curve.

5. Results

The above section discusses the use of the frequency-Bessel transform algorithm to
calculate the multi-mode dispersion energy spectrum of noise data, and this section mainly
verifies the feasibility and practical application effect of this method by taking 45 sets of
noise data measured in the Wuhan karst development area as an example.

Figure 8 shows the dispersion energy spectrum of nine positions, from point 0 to point
40 calculated at equal intervals, with seven seismic stations as a group. In the dispersion
spectrum, there is a significant development of fundamental and higher-mode energy, with
a wide range of dispersion energy distribution where the fundamental dispersion is mainly
developed in the frequency band below 10 Hz, and the frequency band above 10 Hz is
mainly of a higher-mode energy type. On the basis of the dispersion energy spectrum,
the multi-mode dispersion curves can be extracted for inversion. In the paper, the known
geological data were used to establish a constrained parameter model for stratum P-wave
velocity, S-wave velocity, and density, and the damped least squares algorithm was used
to iteratively invert the extracted multi-mode dispersion curves, obtaining 45 sets of data
curves of stratum S-wave velocity changing with depth. Finally, a S-wave velocity profile
was produced.

The survey line was located in the karst area, where karst is relatively developed, and
the dissolution of the rock is relatively serious. The pores of karst after dissolution will be
filled with a large amount of water, which is shown in the lower S-wave velocity value in
the dissolved area, and not in the intact and undissolved area. As shown in Figure 9, the
black curve marks the bottom interface of the Quaternary, with a maximum burial depth of
32 m and a minimum burial depth of 16 m. The S-wave velocity of the bottom interface
is about 260 m/s. By tracking the value of S-wave velocity, the undulating shape of the
bottom of the Quaternary can be sketched. The inversion profile marks four areas of low
shear wave velocity anomalies, namely anomaly a at 25 m, anomaly b at 50 m, anomaly ¢
at 100 m, and anomaly d at 100 m to 140 m. It can be inferred that the karst fissures in the
underlying rock layers are relatively developed. At the same time, low-speed strips appear
near the sections 155 m and 185 m, showing the characteristics of large burial depth in the
longitudinal direction and small width in the transverse direction, which are different from
the above-mentioned four anomalies. This can be assumed to be the location of karst strip
development, and karst fissures are very developed.
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According to the borehole data at the 110 m position of the S-wave velocity profile,
it was revealed that within 4 m of the stratum, there is a miscellaneous fill layer, 4 m to
10 m is a silty clay layer, 10 m to 27 m a silty sand layer without water content, 27 m to
28 m lime dolomite (strongly weathered, mixed with purplish red gray dolomite, with a
developed karst structure and numerous karst fissures forming pores in the rock layer with
a pore diameter of 2-7 mm), and 28 m to 45 m gray-yellow lime dolomite with a developed
karst structure and numerous dissolution fissures. It can be seen that the borehole data and
the inverted shear wave velocity anomaly d in Figure 9 correspond well with each other,
verifying the correctness of the interpretation.

By analyzing the distribution profile of the S-wave velocity in Figure 9, it can also
better correspond to four velocity change layers: 80 m/s to 135 m/s is a clay layer within
10 m of the surface layer, 135 m/s to 260 m/s a silty sand layer, 260 m/s to 360 m/s a
dissolved lime dolomite layer, and 350 m/s to 560 m/s underlying bedrock.

6. Discussion

After the frequency-Bessel method adopted in the paper was proposed, exciting
results have been achieved in recent years in the large-scale imaging of the shear wave
velocity structure of the Kanto Basin in Japan [43] and the three-dimensional shear wave
velocity structure in the continental United States [44,45]. Although some scholars have
made some attempts to study the frequency-Bessel method in detecting shallow geological
structures, there have been no reports of combining the frequency-Bessel method with
karst exploration. Compared to the background noise surface wave method, the use of
the multi-channel surface wave method in detecting railway hazards [46,47] has achieved
certain results. Due to the significant noise interference in the urban environment of the
study area in the paper, it is difficult to collect high-quality raw data by conventional
geophysical methods, including multi-channel surface wave technology. Therefore, surface
wave analysis based on background noise will be very meaningful for karst detection.

The karst development area studied in the paper was previously explored by the
high-density resistivity method, and the interpreted anomaly location of karst [48] is very
consistent with the results of the joint inversion using multi-mode dispersion in the paper.
However, the use of multi-mode dispersion information has a higher lateral resolution
of karst and is more effective in vertical stratification, which verifies the feasibility and
correctness of karst imaging based on multi-mode dispersion.

Due to the low detection efficiency and relatively high construction difficulty of the
high-density resistivity method, the data are easily disturbed by external interference.
In comparison, using the background noise as the signal source, the fundamental and
higher-mode dispersion curves can be extracted through the frequency-Bessel transform,
and then the S-wave velocity structure of strata can be inverted, making it easier to achieve
in data acquisition and processing.

In addition, according to the interpretation results [49] of ground penetrating radar
carried out in the work area, there are discontinuous stripes in the profile, accompanied by
small arc-shaped reflections in some areas, and multiple reflections in the karst area, indi-
cating that ground penetrating radar has a certain sensitivity to karst. However, compared
to the 90 m depth of inversion through the frequency-Bessel transform in the paper, the
abnormal location reflected by ground penetrating radar is shallow, and the detection effect
is greatly affected by surface conditions [50]. Therefore, the method has strong applicability,
does not require the arrangement of active sources like other geophysical methods, and
can achieve good results in noise-rich urban environments.

7. Conclusions

In this study, the dispersion curves of multi-mode Rayleigh surface wave were ex-
tracted from an ambient background noise signal, and through the dispersion curves the
shear velocity structure of karst in the Wuhan area was inverted. The conclusions are
as follows:
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(1) Adding higher-mode dispersion information can improve the inversion fitting effect of
the low-frequency band of the fundamental dispersion curve, and the joint inversion
of the fundamental and higher-mode of the measured data improves the ability to
identify the fine structure of the strata.

(2) The shear wave velocity structure profile obtained from the inversion of background
noise data in the limestone area of Wuhan depicts the range of the karst low-speed
area, and the abnormal positions are in good agreement with the borehole data.

(3)  The thickness of the Quaternary overburden calculated by the frequency-Bessel algo-
rithm is more accurate, and the undulation of the bottom interface of the Quaternary
is closer to the real weathering state of the stratum.

To sum up, the frequency-Bessel transform method provides a new idea and method
for accurately detecting overburden thickness and karst in near-surface engineering, and
we can try to utilize this method extensively whether in surface wave research or in solving
practical geological problems.
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