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Abstract: In this study, the behavior of double-walled carbon nanotubes (DWCNTs) used as mass
sensors is explored under various boundary conditions; particular attention is paid to the crucial
topic of resonant nanomechanical mass sensors. In the presented approach, nanotubes are subjected
to a distributed transverse magnetic force and supported by an elastic foundation. The impacts of the
longitudinal magnetic field, elastic medium, and diverse physical parameters on the responsiveness
of the sensors are assessed. Using the energy method, governing equations are formulated to
determine the frequency shifts of the mass nanosensors. Our findings reveal significant variations in
the frequency shifts due to a longitudinal magnetic field, which depends on the applied boundary
conditions. This research holds significance in the design of resonant nanomechanical mass sensors
and provides valuable insights into the interplay of factors affecting their performance. Through
exploring the intricate dynamics of DWCNTs used as mass sensors and thus contributing to the
broader understanding of nanoscale systems, the implications for advancements in sensor design are
offered and applications are introduced.

Keywords: nanoresonators; mass sensor; magnetic field; double-walled carbon nanotube;
frequency shift

1. Introduction

The advent of carbon nanotubes has created a new revolution in engineering sciences
and medical technology. Carbon nanotubes (CNTs) are essential in improving the function-
ing of nanodevices, such as nanoelectromechanical system (NEMS) nanoresonators and
sensors [1]. CNT-based nanosensors have been used extensively in different applications,
such as ultrasensitive mass and force sensing, cooling and quantum measurement, and
chemical and biological sensing, to detect the masses of bacteria, cells, and viruses [2–5]. In
the case of mass detection, two methods (static and dynamic) are typically used to detect
added mass in nano-mass sensors [6–8].

In the static method, the added mass is determined by measuring the deflection of a
nano-beam resulting from the attached mass on the surface. The dynamic method analyzes
the shift in the system’s frequency due to the attached mass [9]. A higher frequency shift
shows the superior sensitivity of a mass sensor [10], which is affected by various parameters,
such as geometry [11], vibration modes [12], the characteristics of the structure [13], and
surface functionalization [14]. Additionally, external parameters, such as temperature and
environmental conditions, can affect the performance of nano-mass sensors [15]. Research
has been conducted to enhance and assess the sensitivity of mass nanosensors and has
primarily been driven by these factors. Chowdhury et al. [6] conducted a study on carbon
nanotube-based biosensors in which they proposed a straightforward analytical relation-
ship using a linear approximation of the non-linear sensor equation. Their approach aimed
to detect the masses of biological samples through the analysis of frequency shifts in both
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cantilevered and bridged carbon nanotubes. Zarepour et al. [16] studied the transverse vi-
brations of supported and bridged nano-beams, which had attached masses and rotational
and transverse springs at their ends. The effects of the geometric parameters of mechanical
elements were also considered by Ardali et al. [11]; in particular, they investigated the
impacts of the various geometric parameters of microbeams on mass sensors and realized
that the sensitivity of a microsensor increases with microbeam rigidity. In another work,
Bouchaala et al. [17] compared micro-CNTs and beam mass sensors and found that the
CNT-based sensor was more sensitive than the microbeam sensor. Habibi et al. [18] studied
the position and mass identification in a single-walled carbon nanotube (SWCNT) mass
sensor. Soltani et al. [19] investigated the sensitivity of an SWCNT mass sensor resting on
an elastic foundation using non-local elasticity theory and proposed the parametric study
of elastic foundation parameters. Patel et al. [20] analyzed the vibrations of DWCNTs to
sense biological objects, considering six different types of DWCNTs to determine the best
type for mass sensors. They concluded that cantilevered configurations were four times
more sensitive than bridged configurations.

As enhancing the sensitivity of mass sensors is necessary to measure smaller masses,
which is necessary in the fields of biotechnology and life sciences, higher mass sensitivity
facilitates the detection of molecular interactions and biomolecular events with greater
precision [21]. Therefore, researchers have tried to enhance the sensitivity of current mass
sensors through the application of modifications or the introduction of new methods. For
example, Ghatkesar et al. [22] used a system of gold layers of varying thicknesses and
showed a linear increase in mass sensitivity using higher vibration modes. They concluded
that the sensitivity experiences an enhancement of two orders of magnitude when transi-
tioning from mode 1 to mode 7. Saiz et al. [23] investigated a new way to increase the mass
sensitivity of a magnetoelastic resonator. They theoretically and experimentally showed
that, through tailoring the sensor geometry and mass load position, a mass sensitivity
enhancement exceeding 400% was noted in a magnetoelastic sensor with the utilization of
novel sensor platform geometries. Gil-Santos et al. [12] proposed a novel approach to mass
sensing and stiffness spectroscopy, focusing on the phenomenon whereby a nanoresonator
enters a superposition state characterized by two orthogonal vibrations with distinct fre-
quencies upon the disruption of symmetry. The measurement of these frequencies enables
the determination of the mass, stiffness, and azimuthal arrival direction of the adsorbate.
In the current research, we focus on how it is possible to increase the frequency shift—and,
consequently, to enhance sensitivity—through the use of a longitudinal magnetic field [10].

The applications of magnetic fields in micro- and nanoelectromechanical systems have
been addressed in many studies [24–26]. In the case of sensors, coupling the magnetic
effect with acoustic resonator sensors offers significant advantages and the possibility to
use a much wider variety of materials for the transducers, when compared to piezoelec-
tric resonators, allowing more flexibility and a potentially improved performance. This
approach was used by Lucklum et al. [27] to detect fluid volumes, liquid viscosity, and
density. Moreover, the influence of magnetic forces on the behavior of micro- and nanome-
chanical elements has been extensively investigated as an external parameter. Murmu
et al. [28] demonstrated that the frequencies of a DWCNT increase with an increase in the
magnetic field. They also investigated the effect of a longitudinal magnetic field on the
transverse vibration of a magnetically sensitive material. Sobamowo et al. [29] conducted a
comprehensive parametric study on multi-walled carbon nanotubes in a magneto-thermal
environment. Their study considered the nanotube geometry and explored other parame-
ters, such as the number of walls, initial curvature, and environmental factors, including
the temperature and magnetic field. Zhang et al. [30] showed the effect of the strength of
the magnetic field on the vibration of an SWCNT embedded in a viscoelastic medium. They
proposed a new analytical expression for the complex natural frequencies for certain typi-
cal boundary conditions and the Kelvin–Voigt model and demonstrated the efficiency of
their proposed methods in the vibration analysis of embedded SWCNTs under a magnetic
field. Sadeghi-Goughari et al. [31] analyzed the vibrational behavior of a CNT conveying a
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nanoflow subjected to a longitudinal magnetic field. Zhen et al. [32] explored the longitu-
dinal magnetic field’s influences on the vibration of viscoelastic nanotubes based on the
non-local strain gradient Timoshenko beam model. Yinusa et al. [33] investigated the effect
of an external magnetic field on the nonlinear vibration of a CNT conveying a fluid. Their
study revealed that the magnetic term significantly attenuated or dampened the system’s
vibration by approximately 20%.

Moreover, in the case of modeling improvement, Arda and Aydogdu [34] recently
focused on both the inertia and stiffness of the detected mass by considering it as an elastic
body with stiffness. Their findings showed that including the stiffness of the detected mass
introduced an additional frequency to the spectrum of the nano-beam, resulting in a shift in
the nano-beam’s frequencies to the adjacent higher mode. Furthermore, Ceballes et al. [35]
employed the Timoshenko beam theory and Eringen’s non-local theory of elasticity to
enhance the modeling accuracy, particularly for short beams. They found that the Euler–
Bernoulli beam theory overpredicted the frequency shift, compared to the Timoshenko
beam theory. Overall, the sensitivity of resonant mass sensors relies significantly on the
effective vibratory mass. This is influenced by both the geometry and configuration of the
resonant structure and the properties of the materials that make up the structure [36]. In
this research, the effect of changing the configuration of the resonant structure is studied by
considering the mass sensor inside a longitudinal magnetic field.

In nanoscale mechanics modeling, small-scale effects are crucial in accurately describ-
ing the mechanical behavior of nanostructures. At the nanoscale, material properties and
structural dimensions deviate from those observed in the macroscopic world [37]. Several
theories have been proposed to address these nonclassical phenomena, including Erin-
gen’s non-local theory, the modified couple stress theory, and nonclassical fractional-based
theories [38–41]. These theories consider the influences of size and surface effects on the me-
chanical responses of nanostructures. Among these approaches, Eringen’s non-local theory
has gained significant popularity. It introduces a non-local parameter for the influence of
neighboring atoms or molecules on a material’s mechanical behavior. The non-local theory
has been successfully applied to various problems [42–46]. Its ability to accurately capture
the size-dependent behavior of nanostructures makes it a valuable tool in the analysis and
design of nanoscale systems.

This study investigates the sensitivity of biosensors based on DWCNTs subjected to
a longitudinal magnetic field. In contrast to SWCNTs, DWCNTs demonstrate superior
thermal and chemical stability. They have been applied in various fields, such as those
using gas sensors, dielectric devices, nanoelectronic devices, nanocomposites, emitters,
and others. The synthetic combination of single-walled, multi-walled, and double-walled
carbon nanotubes showcases the electrical and thermal stability of the latter and the
flexibility of the former. Meanwhile, using a longitudinal magnetic field is intended to
enhance the sensitivity and performance of DWCNT-based biosensors [47–50]. Additionally,
in the case of sensitivity, non-SWCNTs are much easier to manipulate [10,51]. Therefore, in
the current research, the vibrating behavior of DWCNTs resting on an elastic foundation
and subjected to a longitudinal magnetic field is investigated through the derivation of
the governing equations using Eringen’s non-local theory. The Lorentz magnetic force
is considered and is obtained from Maxwell’s relation. The effects of the longitudinal
magnetic field are analyzed for three different sensor configurations: simply supported,
cantilevered, and bridged. Through studying these effects, this research contributes to the
advancement and design of mass sensors utilizing DWCNTs in a longitudinal magnetic
field. This study might provide deeper insights into further developments in mass sensing
and the application of DWCNT-based sensors.

2. Theoretical Basis

A schematic diagram of a simply supported DWCNT beam embedded in an elastic
foundation, subjected to an external force (Fext), and carrying an attached concentrated
mass (mc) along its length position (x = a) is shown in Figure 1. In this paper, the non-
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local Euler–Bernoulli beam model is applied to study the free vibration of a DWCNT. The
governing equations of a viscoelastic nano-beam under a longitudinal magnetic field based
on non-local elasticity theory can be obtained as follows [43]:

EI
∂4w(x, t)

∂x4 + ρA
∂2w(x, t)

∂t2 − (e0a)2
(

ρA
∂4w(x, t)

∂x2∂t2 − ∂2 Fext(x, t)
∂x2

)
= Fext(x, t), (1)

where e0 is a constant for calibrating the model using experimental results and other
validated models and a is the length of the internal characteristics. The external force (Fext)
is a combination of several factors acting on the nanotube, including the forces per unit
length induced by the magnetic field (q mag

)
, the Winkler foundation force (q elastic medium),

and the force of the interaction between the inner and outer nanotubes (q van), which can
be expressed as follows:

Fext = qmag + qelastic medium+qvan. (2)
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Maxwell’s Relations

When applying a longitudinal magnetic field vector (H(Hx, 0, 0)), a Lorentz force acts
on the DWCNT. For the present study, w = w(x, t); so, the Lorentz force in the z direction
is written as follows:

Fz = ηH2
x

(
∂2w(x, t)

∂x2

)
, (3)

where η is the magnetic field permeability and Hx denotes the magnetic intensity of the
longitudinal magnetic field. Therefore, the pressure exerted on the nanotube due to a
Lorentz magnetic field can be expressed as follows:

qmag =
∫

A
Fzdz =ηAH2

x

(
∂2w(x, t)

∂x2

)
. (4)

As shown in Figure 1, the interaction between the inner and outer nanotubes is
facilitated by van der Waals forces and can be obtained as follows:

qvan = c(w2 − w1). (5)

The subscripts 1 and 2 denote the inner and outer nanotubes, respectively; furthermore,
c is the van der Waals interaction coefficient, which is written as follows [28,52]:

c =
320 × 2R1

0.16a2 , (a = 0.142 nm), (6)
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where R1 is the internal diameter of the nanotube. The Winkler foundation model describes
the effect of the elastic medium on the outer nanotube. Therefore, for a DWCNT with
transverse displacement in the z direction, we have

qelastic medium = kw2, (7)

where k is the elastic foundation modulus.
Substituting Equations (4), (5) and (7) into Equation (2) and substituting the result into

Equation (1), one obtains the equation of motion for the inner nanotube:

EI1
∂4w1

∂x4 − (e0a)2
(

ρA1
∂4w1

∂x2∂t2 − ηA1H2
x

∂4w1

∂x4 + c
∂2w1

∂x2 − c
∂2w2

∂x2

)
+ρA1

∂2w1

∂t2 − ηA1H2
x

∂2w1

∂x2 = c(w2 − w1). (8)

The equation for the outer nanotube is as follows:

EI2
∂4w2
∂x4 − (e0a)2

(
ρA2

∂4w2
∂x2∂t2 + M(δ(x − ζ) ∂4w2

∂x2∂t2 )− ηA2H2
x

∂4w2
∂x4 − c ∂2w1

∂x2

+ c ∂2w2
∂x2

)
− ηA2H2

x
∂2w2
∂x2 + [ρA2 + M(δ(x − ζ))] ∂2w2

∂t2 + kw2

= c(w1 − w2).

(9)

Assuming the motion is harmonic, an approximate solution for Equations (8) and (9)
is obtained using the Galerkin approximation. Thus, the transverse deformation of each
point on the inner and outer nanotubes can be expressed as follows:

w1(x, t) = ∑N
n=1 ∅1n(x)eiωnt,w2(x, t) = ∑N

n=1 ∅2n(x)eiωnt, (10)

where ωn denotes the natural frequency of the DWCNT and ∅n(x) are the eigenfunctions,
which depend on the beam-end condition. For the nth vibration mode and simply sup-
ported beam conditions, ∅1n(x) = ∅2n(x) = sin nπx

l . Next, for the nth vibration mode of a
cantilevered DWCNT,

∅n(x) =
(

cosh (zn
x
l
)− cos(zn

x
l
)
)
−
(

sin h(zn
x
l
)− sin (zn

x
l
)
)
×
(

sin h zn − sin zn

cosh zn + cos zn

)
. (11)

Finally, for the nth vibration mode of a bridged DWCNT,

∅n(x) =
(

cosh zn
x
l
− cos zn

x
l

)
−
(

sinhzn
x
l
− sinzn

x
l

)
×
(

cosh zn + cos zn

sin h zn − sin zn

)
(12)

where zn are the roots of the following equation. The natural frequency of a cantilevered
DWCNT is also related to the zn:

cosh(zn)cos(zn) = 1. (13)

As mentioned in the introduction, the energy method is employed to determine the
natural frequency of a cantilevered DWCNT and the frequency shift due to added mass.
Therefore, the kinetic energy of the inner-walled DWCNT can be obtained as follows [20,53]:

T1 =
ω2

2

∫ l

0
ρA1

(
(∅1n(x))2 − (e0a)2

[
∂∅1n(x)

∂x

]2
)

dx. (14)

The kinetic energy of the outer-walled DWCNT can be obtained as

T2 = ω2

2

(∫ l
0 ρA2

(
(∅2n(x))2 − (e0a)2

[
∂∅2n(x)

∂x

]2
)

dx + M
(
(∅2n(ζ))

2

− (e0a)2
[

∂2∅2n(x)
∂x2

]2
)
).

(15)
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The total kinetic energy of a DWCNT is the sum of the kinetic energies of the inner
and outer nanotubes. Therefore,

Tt = T1 + T2. (16)

According to the kinetic energy equivalence and the position of the mass particle in the
middle of the cantilevered beam, substituting Equations (15) and (16) into (17), we obtain

meq = ρ

(
l(A1+A2)− (e0a)2

(∫ l

0

(
A1

[
∂∅1n(x)

∂x

]2
+ A2

[
∂∅2n(x)

∂x

]2
)

dx

))
+M

(∅2n(ζ))
2 − (e0a)2

[
∂2∅2n(x)

∂x2

∣∣∣∣
ζ

]2
. (17)

Next, the potential energy of the inner-walled DWCNT can be obtained as follows [20]:

P1 = 1
2

(
EI1 + (e0a)2ηA1H2

x

)∫ l
0

[
∂2∅1n(x)

∂x2

]2
dx + 1

2 c(e0a)2∫ l
0

[
∂∅2m(x)

∂x

]2
dx

− 1
2

(
c(e0a)2∫ l

0

[
∂∅1m(x)

∂x

]2
dx + ηA1H2

x

)∫ l
0

[
∂∅1n(x)

∂x

]2
dx

+ 1
2

∫ l
0 c[∅1m(x)]2dx − 1

2

∫ l
0 c[∅2m(x)]2dx.

(18)

Meanwhile, the potential energy of the outer-walled DWCNT is

P2 = 1
2

(
EI2 + (e0a)2ηA2H2

x

)∫ l
0

[
∂2∅2n(x)

∂x2

]2
dx

+ 1
2

∫ l
0 c[∅2n(x)]2dx − 1

2

∫ l
0 c[∅1n(x)]2dx

− 1
2

(
(c + k)(e0a)2 + ηA2H2

x

)∫ l
0

[
∂∅2n(x)

∂x

]2
dx

+ 1
2 (e0a)2∫ l

0 c
[

∂∅1n(x)
∂x

]2
dx + 1

2

∫ l
0 k[∅2n(x)]2.

(19)

Hence, the total potential energy of the DWCNT is the sum of the potential energies of
the inner and outer nanotubes. Therefore,

Pt = PI + PO. (20)

Finally, according to the potential energy equivalences, through substituting
Equations (19) and (20) into (21) we obtain

keq = z4
n

l3

[
EI1 + EI2 + (e0a)2ηH2

x(A2 + A1)
]
− z2

n
l

(
ηH2

x(A2 + A1)− k(e0a)2
)

+ kl + c(ς1m − ς1n) + c(ς2n − ς2m)− c(e0a)2(ξ1m − ξ1n)
+ c(ξ2n − ξ2m).

(21)

Due to the boundary condition of the cantilevered DWCNT and the location of the
absorbed mass, the fundamental resonant frequency is

fn =
1

2π

√
keq

meq
. (22)

The resultant frequency of the DWCNT without the attached mass is

fon =
1

2π

√
keq

ρl(A1+A2)
. (23)

Using Equations (22) and (23), the frequency shift can be expressed as follows:

∆ f = fon − fn = fon −
fon√

1 + βm M
, (24)

where βm = ∅n(ζ)∅m(ζ)
ρl(A1+A2)

.
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Rearranging Equation (24) gives the following equation:

M =
keq

βm

(
keq − 2π∆ f

√
ρl(A1+A2))2

− 1
βm

. (25)

3. Results and Discussions

In this section, we present the findings of our study on the behavior of DWCNTs with
different boundary conditions when subjected to an elastic foundation and a distributed
longitudinal magnetic field. First, our results are validated through a comparison with
the existing findings in the literature. The natural frequencies of DWCNTs are compared
in Table 1. Table 2 presents the natural frequencies of simply supported DWCNTs with
different stiffness coefficients. Finally, Table 3 shows the system’s natural frequencies
in the presence of the non-local parameter. As shown, the present work agrees with the
corresponding results reported by Xu et al. [54], Elishakoff et al. [55], Khosrozadeh et al. [56],
and Marmu et al. [57].

Table 1. Natural frequencies (×1012 Hz) of DWCNTs with different boundary conditions
( d2 = 1.4 nm, d1 = 0.7 nm, ρ = 2300 kg/m3).

Elishakoff et al. [55] Xu et al. [54] Present Study

simply supported 0.46830 0.46 0.47

cantilevered 0.202 0.17 0.17

bridged 1.0515 1.06 1.085

Table 2. First three natural frequencies (×1012 Hz) of embedded hinged–hinged DWCNTs with
different stiffness coefficients (k) (effective thickness : h = 34 nm, d1 = 0.684 nm, ρ = 2300 kg

m3 ).

Mode
k = 108 N/m2 k = 109 N/m2

Khosrozadeh et al. [56] Present Study Khosrozadeh et al. [56] Present Study

1 0.5113 0.4997 0.6665 0.6539

2 1.9328 1.9127 - 1.9571

3 4.1670 4.1817 - 4.2040

Table 3. Natural frequencies (×1011 Hz) of simply supported DWCNTs with different non-local
parameters when outer tube is fixed (w2 = 0)(d2 = 1.4 nm, d1 = 0.7 nm, ρ = 2300 kg

m3 ).

c (TPa) e0a (nm) Marmu et al. [57] Present Study

0

0 1.6625 1.6625

0.5 1.6592 1.6592

1 1.6496 1.6496

0.0694

0 4.4304 4.4304

0.5 4.4305 4.4305

1 4.4846 4.4846

The physical values defined in Table 4 are used for the configuration presented in
this section, and the effects of different parameters on sensitivity are investigated in the
following plots. The presented model is based on a DWCNT nanoresonator. Figure 2
shows how the magnetic field could affect the frequency shift, decreasing it for the can-
tilevered nanotube and increasing it for both the simply supported and bridged nanotubes.
Increasing the value of the elastic foundation modulus can increase the frequency shift of
the simply supported and cantilevered DWCNTs while decreasing the frequency shift of
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the bridged DWCNT. Based on Equation (21), the magnetic field contributes to the overall
stiffness of the system. Consequently, as the value of Hx increases, its influence on the total
stiffness becomes more prominent compared to the other parameters. This is evident when
Hx reaches approximately 1.5 × 108 A/m. At this point, the effect of Hx dominates the
total stiffness of both cases (with and without mass), and further increases in Hx result in
a frequency shift of zero. This observation applies to both the simply supported and the
bridged cases. The corresponding diagram converges for all three cases when the magnetic
intensity parameter reaches a sufficiently high value.

Table 4. Geometrical and mechanical properties of the nanosensor.

Symbol Description Numerical Value

l Length (nm) 5.55

ρ Density (kg/m3) 2300

E Young’s modulus (N/m2) 1 × 1012

d2 Outside diameter (nm) 1.4

d1 Inside diameter (nm) 0.7

h Thickness (nm) 0.34

A2 Outside area (nm2) 1.4954

A1 Inside area (nm2) 0.7477

I1, I2 Moments of inertia (nm4) 0.0566, 0.3879

Hx Magnetic intensity (A/m) 1 × 108

k Elastic foundation modulus (N/m2) 5 × 108

ζ Position of attached mass (nm) -

M Attached mass (g) -

d2/d1 Aspect ratio -

µ Non-local parameter (nm) 0–1

The effect of the aspect ratio (defined as the ratio of the outer tube diameter to the
inner tube diameter) is shown in Figure 3. In all three cases, the aspect ratio has a consistent
effect. Higher aspect ratio values result in more remarkable frequency shifts. In the
absence of magnetic intensity (Hx = 0), the results in this figure align with the findings of
Xu et al. [58]. According to their work, in a DWCNT with a greater length, a smaller
frequency is observed. This correlation is based on Equation (24), where the frequency shift
and frequency are directly related. Furthermore, from a physical perspective, this implies
that a larger outer tube diameter in a system with a constant inner tube diameter is more
effective in sensing nano-mass, as it exhibits a more significant frequency shift. Similarly,
the same effect can be observed in a system with a fixed outer tube diameter where the
inner tube has a smaller diameter.

Regarding two systems with equal inner tube diameters but different outer tube
diameters, Equation (23) reveals that the system with the larger outer tube diameter has
a larger value. This larger value contributes to a smaller second part of Equation (24),
resulting in a larger frequency shift. Therefore, the system with the larger outer tube
diameter exhibits a greater frequency shift compared to the system with the smaller outer
tube diameter. Furthermore, a tube with a higher aspect ratio exhibits greater stiffness than
a tube with a smaller one. Consequently, this leads to increases in frequency and mass
responsivity, enhancing sensitivity. This observation aligns with the experimental research
findings presented by Lassagne et al. [59].
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Furthermore, let us examine why increasing the magnetic intensity causes a more
significant divergence among the three aspect ratio cases. It can be attributed to the varying
effects of the magnetic field on different systems with different aspect ratios. This difference
arises from the direct influence of the surface area on the magnetic force experienced by
each system. As the magnetic intensity increases, the impact of the magnetic field becomes
more pronounced and distinct for systems with varying aspect ratios. Figure 4 shows the
effect of the length ratio (defined as the ratio of the length to the outer tube diameter) on
the frequency shift for different boundary conditions. Shorter beams are more sensitive,
due to the presence of the magnetic intensity for the bridged, cantilevered, and simply
supported nanotubes. In the case of the absence of a magnetic field, this finding is in line
with those reported in the literature [11,60] and the experimental observations reported by
Chaste et al. [37].

Figure 5 shows how the magnetic intensity can increase or decrease the range of the
measurable mass in the three different boundary conditions. As can be seen, larger masses
cause greater increases in the frequency shift in the presence of a magnetic field versus its
absence for both the simply supported and the bridged nanotubes. However, the frequency
shift decreases with increasing magnetic intensity for the cantilevered resonator DWCNTs.
The disparity in the behavior of the different systems under the influence of a magnetic
field arises from the nature of the magnetic field’s effect on each system’s total stiffness.
When a cantilevered system is subjected to a longitudinal magnetic field, the total stiffness
decreases, resulting in a stiffer system. Moreover, if we focus solely on the scenario in



Appl. Sci. 2024, 14, 3010 10 of 16

which Hx is zero, the pattern observed in the diagram aligns with the results presented by
Shen et al. [23].
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Conversely, in the case of the simply supported and bridged systems, the magnetic
field makes the systems harder. Consequently, the frequencies of the systems decrease.
Then, the frequency shifts decrease based on Equation (24). Therefore, in the presence of a
magnetic field, one can potentially obtain higher sensitivity using simply supported and
bridged DWCNTs. The observation that a stiffer nanosystem is more capable of sensing
mass aligns with the output shown in Figure 4, where smaller nanosystems with higher
stiffness are shown to be more effective in capturing small masses.

Finally, Figure 6 shows the effect of the non-local parameter on the frequency shift
for the three nanosystems (cantilevered, simply supported, and bridged nanotubes). The
non-local parameter decreases the frequency shift for both the simply supported and the
bridged nanotubes, while it increases the frequency shift for the cantilevered nanotubes.
The effect of non-local parameters is more significant for a bridged nanotube than for
the cantilevered and simply supported ones. Here, a connection between the effect of
the non-local parameter on the system stiffness and the frequency shift can be made: if
the system is stiffer, the frequency shift will be more significant than for a softer system.
The effect of the non-local parameter is in agreement with the results published in the
literature [61].
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This Study’s Limitations and Potential Future Research Areas

As mentioned above, the current study focuses on the possibility of increasing the
mass sensitivity of a DWCNT nano-mass sensor using a longitudinal magnetic field.
The mass sensitivity of the current model is on the order of 10−24. In comparison to
the sensitivity values of some of the other models in the literature, this value is bigger
than some and smaller than others. For example, Cho et al. [62] introduced a sensitivity
on the order of 10−18 for an SWCNT model with a diameter of 2.7 nm and a length of
55 nm. In other works, carried out by Lee et al. [63] for SWCNT models with a diameter of
1.1 nm and lengths of 4.1, 5.6, and 8 nm, the sensitivity was on the order of 10−21. Chaste
et al. [64], using a 10 nm × 10 nm single-layer graphene sheet [65], increased the sensitivity
to 10−27. These differences were due to the use of different control parameters, such as
geometry, environmental control parameters, temperature, and so on, as mentioned in the
introduction. Some of these control parameters are among the limitations of the current
model and should be considered when the results of the current model are compared to
those in the literature. For example, in the current model, we did not consider the ambient
temperature’s effect on the nanoresonator’s performance, which effectively adds external
noise to the system. Meanwhile, the mentioned concept of adding the magnetic field effect
to a nano-mass resonator to increase its sensitivity can be extended to other models, such
as SWCNTs and nano-beams, due to the similarity of their modeling formulations to those
of the current model.

In future work, adding these external control parameters to the model and studying
the effect of the magnetic field on the sensor will allow the material of the sensor to be
affected by magnetic fields such as those of magnetorheological elastomers.
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4. Conclusions

This paper investigated the potential of DWCNTs as nanomechanical mass sensors.
The influences of the elastic foundation modulus, length ratio, aspect ratio, magnetic
field, and non-local parameters on the frequency shift were explored. The impacts of the
different parameters on the frequency shifts of DWCNT resonators with different boundary
conditions were presented. It was observed that an increase in the elastic foundation
modulus leads to increases in the frequency shift for simply supported and cantilevered
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DWCNT resonators and decreases in frequency shift for bridged resonators. Moreover,
for simply supported cantilevered and bridged DWCNT resonators, the frequency shift
increases significantly when the aspect ratio rises and, for shorter DWCNT lengths, the
sensitivity is higher.

Furthermore, the influence of a longitudinal magnetic field on DWCNT resonators
varies with their configuration. In cantilevered DWCNT resonators, the field causes a
decrease in frequency shift, while it increases the frequency shift in simply supported and
bridged resonators. Notably, more pronounced variations in frequency shift for simply
supported and bridged DWCNTs were observed with smaller added masses, while opposite
effects were observed for the cantilevered configuration. Applying a longitudinal magnetic
field enhances the ability of simply supported and bridged DWCNTs to detect smaller
masses, which is particularly significant in the case of bridged DWCNTs. This results in
more sensitive responses to changes in mass, ultimately increasing the detectability of
smaller masses. Although the current study was conducted using a DWCNT nano-mass
sensor, the proposed concept (coupling a nano-mass resonator with a magnetic field) can be
combined with other models, such as SWCNTs and nano-beam resonators, as the modeling
concept is the same for all of these systems. Furthermore, increasing non-local parameters
leads to smaller frequency shifts in simply supported and bridged DWCNTs, while the
opposite is true for cantilevered systems.
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