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1. Introduction

The structured inverse eigenvalue problem (SIEP) consists of determining sufficient
and necessary conditions for a data set to be the spectral information of a structured
matrix. Some structured matrices considered in the SIEP are Jacobi inverse eigenvalue
problems, Toeplitz inverse eigenvalue problems, nonnegative inverse eigenvalue problems,
stochastic inverse eigenvalue problems, and inverse singular value problems [1]. If the
matrix is required to be nonnegative and symmetric, it is called a symmetric nonnegative
inverse eigenvalue problem. Two particular SIEPs for symmetric matrices were introduced
in [2], one is for constructing an up-arrow symmetric matrix from the smallest and largest
eigenvalue of its principal principal submatrices, and the other for constructing a symmetric
matrix arrowhead up from the largest eigenvalue of its principal principal submatrices and
an eigenvector associated with its largest eigenvalue. These kinds of problems are also
called extreme inverse eigenvalue problems. In the last years, extreme inverse eigenvalue
problems for certain symmetric matrices such as tridiagonal, Jacobi, bordered diagonal, and
acyclic matrices, among others, have been considered (see e.g., [3-6]). In [7-10], the authors
advance the extreme inverse eigenvalue problem by studying nonsymmetric cases. The
symmetric pentadiagonal matrix, i.e., the symmetric matrix with 2p + 1 bands with p =2,
appears in the inverse problem for a vibrating beam [11]. In this case, the pentadiagonal
matrix A involves the stiffness data of the beam, in which the first subdiagonals must be
negative and the second subdiagonals positive. Given

o(A) = (A}, o(Ay) = ()}, o(Arp) = (1)} 2, 1

where 0(A) denotes the spectrum of A, and Aj, A1 > the matrices when their first row and
column, and their first two rows and columns, respectively, are removed, such that the
eigenvalues are strictly interleaved, Gladwell constructs a pentadiagonal matrix A such
that (1) holds [12].
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The inverse extreme eigenvalue problem for a symmetric pentadiagonal matrix arises
from the inverse problem for a discrete beam which occurs in the structural design of beams,
buildings, and bridges, among others. In constructing the mass-spring systems, the problem
of inferring the bending stiffness and density of a beam from its eigenfrequencies when
one or both ends are clamped is studied as the inverse problem of extreme eigenvalues
for symmetric pentadiagonal matrices [13]. This discrete beam problem considers some
variables such as masses, stiffness, and lengths of a discrete beam. A relevant and widely
studied problem is the Euler-Bernoulli beam problem, which presents some variations
such as modes of vibration, an arbitrary number of concentrated open cracks [14,15], an
online system of masses and springs with a minimum mass for total stiffness, and a sand
cantilever beam system in bending vibration [16].

In this paper, we consider the following kinds of pentadiagonal matrices:

a b
by a
b, 0
A —
bs

withb]- >0,j=12...,n—1,and

m b
1 a2
Co 0
B =
c3

by
0

as

as

b3

0 bnfl
ap-1 by

b, an

0 bnfl ,
ap-1 by

Cn an

where aj, bj, and cj are real numbers with b]-cj >0,j=1,2...,n (see [17]).

Remark 1.

@

®)

1. The matrix A defined in (2) is similar to a symmetric tridiagonal matrix [17]. However, the

eigenvalues of its leading principal submatrices are not preserved under such similarity.

2. Notice that the matrix B of the form (3) is diagonally similar to the symmetric pentadiagonal

matrix

a \/b1C1
Vvbier  a
ppp-1— | VP2 0

Vbacy

0
as

0

0
0 an—1
\/bnflcnfl \/bncn
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with D = diag(ay,ay,...,a,), and

1
" 2
LIg[J Lok jold
; by | 7
e k= (EW (5)
]: n %
ﬁ 2l ) jeven

Lo by
1
k=51

j=1,2,...,n—1, where [x| and | x| denote the least integer greater or equal to x and the
greater integer least than or equal to x, respectively, a, = 1, and

(5] - L5]

= o (6)

2%-1  j=g C2

oy
ISE
S
=

Q
Q

=~

k=1

which implies that, under this transformation, the eigenvalues of the leading principal subma-
trices Bj, j=1,2,...,n of the matrix B remain invariant.

In the sequel, we deal with nonsymmetric pentadiagonal matrices such that (6) holds.

Throughout the text, given an n x n symmetric matrix My, for j = 1,2,...,n, Mj
denotes the j x j leading principal submatrix of My, c(M;) = {/\51 ),)\é] ). .,)\](J )} the
spectrum of M;, P;(A) the characteristic polynomial of M;, Agj ), )\](j ) the smallest and largest
eigenvalue of M;, respectively (also called extreme eigenvalues), and I; the identity matrix
of order j.

In this paper, we consider the following two extremal inverse eigenvalue problems to

be similar but more general than the one considered by Gladwell in [12]:

Problem 1. Given the set of real numbers
(MY AP AP AR, A, A

and a positive real number d, construct a symmetric pentadiagonal matrix A of the form (2) such

that /\gj ) and A](j ) are, respectively, the smallest and largest eigenvalue of the leading principal
submatrix Aj, i=12,...,nand b, = d.

Problem 2. Given the set of real numbers

(M eA? AP AP AR, AP, A

a nonzero vector x = (xq,xz, ... ,xn)T and two positive real numbers di and dp, construct a
nonsymmetric pentadiagonal matrix B of the form (3) such that /\5] ) and )L](] ) are, respectively, the

smallest and largest eigenvalue of the leading principal submatrix Bj, j = 1,2,...,n, (A,(q”), x) is
an eigenpair of B, b, = dy, and ¢, = dy.

The paper is organized as follows: in Section 2, we give sufficient conditions for the
existence and construction of a symmetric pentadiagonal matrix A of the form (2) from
the extreme eigenvalues of its leading principal submatrices. In Section 3, we determine
a relationship between the entries of the eigenvector of a nonsymmetric pentadiagonal
matrix B of the form (3) associated with its largest eigenvalue. Then, we give sufficient
conditions for the construction of a matrix B of the form (3) from the extreme eigenvalues of
its leading principal submatrices and an eigenpair. Throughout the paper, some illustrative
examples are presented.
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2. Symmetric Pentadiagonal Matrices from Extremal Eigenvalues

In this section, we show that the interleaving of the extreme eigenvalues of the leading
principal submatrices of a symmetric pentadiagonal matrix is sufficient to guarantee a
solution to Problem 1. In particular, we give a sufficient condition for the construction of
a symmetric pentadiagonal matrix from the extreme eigenvalues of its leading principal
submatrices and a prescribed entry. Moreover, a solution set is given.

Lemma 1. Let A be an n x n symmetric pentadiagonal matrix of the form (2) and let A; be the
j X j principal submatrix of A with characteristic polynomial P;(A), j = 1,2,...,n. Then the

sequence {P;(A) }7:1 satisfies the recurrence relation:

Pi(A) = A—u, @)

Pi(A) = (A—a)Pi1(A) —b71Qj1(A), j=2,3,...,n—1, (8)

Py(A) = (A—an)Py1(A) —b2P, 2(A) — b2 1Qu1(A) — Zﬁbi )
i=1

where Q1(A) = 1and Q; 1(A), j = 3,...,n is the characteristic polynomial of the principal
submatrix of A obtained by deleting the (j — 2)-th row and column of the leading principal
submatrix Aj 1.

Proof. Itis immediate by expanding the determinant. O

Hereafter, we will adopt the following notations
5 =82 00)00 ()11 ) (1)
Sn=Qu-1 (/\’(171)) —Qn-1 (Agn))
1
) <o) (0) oo

0,1 (AD) @t (AP) = A9P 1 (A0) @y (1)

2
|
o

2k—1 b2k/ for allj:Z,...,n—l.
k=1 k=1

The following lemma will be very useful in our results.

Lemma 2 ([4]). Let P(A) be a monic polynomial of degree n with all real zeros. If Ay and A, are,
respectively, the smallest and largest zeros of P(A), then

(1) If u < Ay, we have that (—1)"P(u) > 0,
(2)  If u > Ay, we have that P(p) > 0.

n

Theorem 1. Let the set of real numbers {Agj ), A](.j ) } _ and a positive real number d satisfy
]:

W< <P aall <al < <dl <<, an

where Uy, Vy,, and Wy, are as in (10). Then, there exists a symmetric pentadiagonal matrix A of the
form (2), such that /\51 ) and )\](.] ) are, respectively, the smallest and largest eigenvalues of the leading
principal submatrix Aj, j =1,2,...,n.
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P, (A(”)

Proof. Itis immediate thata; = Agl). To show the existence of a symmetric pentadiagonal
matrix A with the required properties is equivalent to showing that:
On the one hand, the system of equations

b A Ay — )P M) - b7 1Qj1 =0 (12)
P: )\(j) /\(f) —a: )P /\( 7) _ b2 Q )t(]) =0.
i\t i 7)1\ —1=j-1
has real solutions a; and b;_; with b]{1 >0,j=12,...,n—1. In effect, from (11) and
Lemma 2, the determinant of the system (12)

= ()0 () - B (00 (49)

is nonzero. Solving (12), for j = 1,2,...,n — 1, we have

aj=-L, v, =—L (13)

big=—-, j=2...,n—-1 (14)

On the other hand, the system of equations

>: (Agn)—an)an()\g ))—bzl’n 2(A ())—bz 1Qn— 1( )—Zﬁbi:(),

(15)
B(17) = (1) = an) s (1) ~BPa )~ ,0,s (A7) ~2 110
has real solutions ay, b,_1, and b,,. Indeed, by solving (15) we obtain
Uyb? | +2cTyby,_1by + Vub2 + W, =0, (16)

n—2
where ¢ = [] b;. This implies that (X,Y) = (b,—1, by) must belong to the conic
i=1

C={(X,Y) € R?: U,X? + 2T, XY + V, Y2 + W, = 0},

which always exists, whether degenerate or not, i.e., C # @. Actually, Equation (16) can be
written as

LMLT =0 (17)
with
_ _ (N 0 (U, T,
L=(X Y 1), M= <OT Wn>' and N = (cTn Vn)'

Therefore, the conic C is degenerate if det M = 0, and does not exist, i.e., C = @, if
detN > 0and (U, + V;;) det M > 0. From Lemma 2 and condition (11), we obtain

—(Uy + Vi)W, > 0.
Then, if det N > 0, we have

(Up + Vi) detM = (U, + V)W, det N < 0,
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i.e., the conic C always exists. Thus, b, and b,_; that satisfy (15) exist. Moreover, as
P,_1 (A(")) # 0, a exists. [

i

Next, we give a particular solution to Problem 1.

N A
Theorem 2. Given the set of 2n — 1 real numbers {Ay ), A](] ) } - that satisfy (11), and a positive

real number d, if
UV <0, (18)

and
U, (Vud® +Wy) <0, (19)
where Uy, Vy,, and Wy, are as in (10), then there exists a symmetric pentadiagonal matrix A of

the form (2), such that Agj ) and A](j ) are, respectively, the smallest and largest eigenvalues of
Ajj= 1,2,...,n,and b, = d.

Proof. By Theorem 1 there exists a symmetric pentadiagonal matrix A of the form (2), such

that /\gj ) and /\](-j ) are, respectively, the smallest and largest eigenvalues of A, j=12,...,n

Furthermore, we get
V4

j
Ty 20
=1 0)
and
b]‘,lz ?,]:2,...,1’1—1. (21)

]

On the other hand, if b, = d, X = b,,_; is a real solution of the equation
Up X2 + 2cTdX + Vyd? + W, = 0, (22)

since (18) holds. Solving (22), we obtain

byt = [cTud & \Jd2(2T2 — Uy Vi) — UnWaU,, Y, (23)

and from (19) we choose b,,_1 > 0.
Finally, solving (15) for a,,, we obtain
AP, (A(")) - dZPn_2<

i
ay =

(24)

n
fori=1ori=mn,where p =[] b;. O
=1

1

Remark 2.

1. Note that in Theorem 2, when constructing a symmetric pentadiagonal matrix with the
required properties, all entries in the matrix are unique except ay.

2. Theorem 2 guarantees that the conic C always exists, whether it is degenerate or not. Setting a
value for by, say d, is equivalent to considering in the plane the line X = d, which may or
may not intersect the conic C. The condition (18) on d in Theorem 2 guarantees that this line
intersects the conic at least one point.

Corollary 1. Under the same hypothesis and notations of the Theorem 1.
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1. Ifc2T? — UV, > 0, then for all d > O there exists a symmetric pentadiagonal matrix A of
the form (2) such that the smallest and largest eigenvalues of its leading principal submatrices

A, /\gj), and )L](j), j=1,2,...,n, satisfy (11) and b, = d.
2. IfUy(Vud® + Wy) <0, then for all

U, Wy,
d [ L
< (0’ T2 — U,V,

there exists a symmetric pentadiagonal matrix A of the form (2) such that the smallest and

largest eigenvalues of its leading principal submatrices A;, )\Y), and )\](j), i=12...,n,
satisfy (11) and b, = d.

Proof. The first part is immediate. The second part follows from (18). O

Remark 3. The conic C can be degenerate or not, but the type of conic is determined by its
invariants. Consequently, Corollary 1 establishes the different types of conics that can be presented,
and for which values of d, the line X = d intersects it. Indeed, we have the following cases:

1. In the first case for I,In(Vnd2 +W,) =0,det M = det N = 0, we have that the conic C is
degenerate and as Wy, (U, + Vi) < 0, the conic consist of two nonvertical parallel lines. Then,
in this case, any line X = d intersects the conic. For Lln(Vnal2 + W) >0,detM # 0and
det N < 0. The conic C is a hyperbola with directrix parallel to axis X. Again, in this case,
any line X = d intersects the hyperbola.

2. Inthe second case, det N > 0, then (U, + V;,) det M < 0. The conic C is an ellipse. As the
center of the ellipse is in the axis Y, any line X = d > 0, with d in an appropriate interval
intersects the ellipse.

Example 1. In Table 1, we consider uniformly distributed random numbers generated using the
Matlab rand function

Table 1. Random extreme spectral data.

i 1 2 3 4 5 6 7
AU 0.1367 01359  —0.0287 —02883 —0.3880 —12466  —1.2533
)\%ﬁ 0.1367 0.6363 0.9552 0.9553 1.9018 2.2674 2.2842

]

which satisfy conditions (11) and (18) and d = 0.1753. Then from the procedure of Theorem 1,
we obtain the following symmetric pentadiagonal matrix of the form (2)

0.1367 0.0192 0.3674
0.0192 0.6356 0 0.2339
0.3674 0 0.7901 0 1.0563
A= 0.2339 0 0.3684 0 1.7356
1.0563 0 0.8239 0 0.4728
1.7356 0 0.6527 0.1753
0.4728 0.1753 0.9782

whose spectra of its the leading principal submatrices Aj, j =1,...,7, are:
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= {01367},

{0.1359, 0.6363},

{—0.0287, 0.6358, 0.9552},

{—0.2883,0.2329, 0.7714, 0.9553},

{—0.3880, 0.2259, 0.2432, 0.7718,1.9018}

= {—1.2466, —0.3880, 0.2361, 0.6366, 1.9018, 2.2674},

= {—1.2533, —0.4449, 0.18895, 0.6345, 0.9704, 2.0056, 2.2842}

~ o~ o~~~ —~
'S
—_— N O — — — —

Example 2. In Table 2, we show the errors in the construction of symmetric pentadiagonal matrices
of the form (2), from uniformly distributed random numbers using the Matlab rand function, which
satisfy conditions (11) and (18). A denotes the constructed matrix, A the vector with extreme values
of A, A the vector of data obtained randomly, and e) = log(||A — A||/||A]).

Table 2. Relative errors in the construction of symmetric pentadiagonal matrix.

n 5 10 15 20 30 40 50
ey —149713 149746 —14.8271 —14.8057 —14.7293 —14.6482 —14.6037

3. Nonsymmetric Pentadiagonal Matrices from Extremal Eigenvalues and an Eigenpair

In this section, we show that each component of an eigenvector associated with the
largest eigenvalue of matrix B is a linear combination of the first and second components.
We then give sufficient conditions for the construction of a nonsymmetric pentadiagonal
matrix from (3), the extreme eigenvalues of its leading principal submatrices, an eigenpair,
and two prescribed entries.

Remark 4. Note that if (AE{”, X) is an eigenpair of a nonsymmetric pentadiagonal matrix B of the
form (3), we have

Bx = A,([l)x,
equivalently
mx1+bix +bxy = Alx, (25)
cixt +axy + by = A, (26)
Cji-1Xj2+ajxj +bjy1Xj12 = A,(q")xj, j=3,...,n=2, (27)
CnoaYns + iy 1%n1 + baxn = Ax, 4, (28)
CnotXn 2+ CnXno1 +anxn = AVx,.

Next, we give a characterization of an eigenvector of the nonsymmetric pentadiagonal
matrix B.

Lemma 3. IfxT = (x1,...,x,) € R" and (A,x) is an eigenpair of the nonsymmetric pentadiago-
nal matrix B of the form (3), then |x1| + |x2| > 0 and

rj-2(A)x1 —sj—2(A)b1xa
5]
i bay
xj = rj,z(/\)xj — S]',z(}\)clxl i (29)
=3 , forjeven

(=1

, forjodd

[~

=

bet1
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wherer_1 =ry(A) =1, 11 (A) =A—ay, rn(A) = A —ap,

ri(A) = (A —aj)rji—2(A) — b]{lrj,zl()\), j=3...,n=2,
and s1(A) =sp(A) =1, s3(A) = A —as, s4(A) = A —ay,

si(A) = (A —aj)sj2(A) —=b2_ys4(A), j=5,...,n—2
Proof. From (25) and (26), we have

~ ri(A)xg —s1(A)brxp
X3 =

Tz(/\)Xz — Sz(/\)C]X1
by ’ ’

b3

X4 =

Then, from (27) for j = 3, we have

r3(A)x1 —s3(A)b1xa
byby '

X5 =

Now, suppose that (29) is true for j = 5,.. ., k. Then, if k is odd,

(A —ag) [r—o(A)xg — Sk—z()‘)blxﬂ Ck—1 [Yk—4(/\)x1 — sk_4(A)b1x2

T2 = b1 B b1 Br—2
_ A—a)neo(A) —beacarea(d) (A= a)si2(A) = beaceasia(A),
Br+1 ! Br+1 e
re(M)x1 —se (M) bix
a Br+1 ’

15)
where i1 = I by. It is similar if k even, since x is an eigenvector of B, x # 0. If
=1

x1 = xp = 0, then from (29), all other entries of x must be zero. Therefore |x1|+ |xz| > 0. O

Lemma 4. Let B be an n x n nonsymmetric pentadiagonal matrix of the form (3) and let B; be
the j x j leading principal submatrix of B with characteristic polynomial P;(A) = det(Alj — B;),

j=1,2,...,n. Then the sequence {Pj()\) }y.z:] satisfies the recurrence relation:

]

P(A) = A—ay, (30)
P](A) = (/\ — Clj)Pj_l (/\) — bj—lcj—lgj—l(/\)/ ] = 2, 3, e, n = 1, (31)

Py(A) =(A —an)Py_q1(A) = bucnPy—2(A) = by—1¢4—1Qn-1(A)
EI T TR (32)

where Q1(A) = 1and Qj_1(A),j = 3,...,n is the characteristic polynomial of the principal
submatrix of A obtained by deleting the (j — 2)-th row and column of the leading principal submatrix

Aj 1.

Theorem 3. Let {Agj ), A](j ) }n be a set of 2n — 1 real numbers, d1 and dy be two positive numbers,

and x = (x1,%x2,..., xn)T be a positive vector that satisfies (11) with
X1
X3 ’

dy # (A —A0) (33)

If
(_1)’171[Wn + bpdy Vi + 29U,] > 0, (34)
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then there exists a unique nonsymmetric pentadiagonal matrix B of the form (3), such that Agj ) and
)L](J ) are, respectively, the smallest and largest eigenvalues of the leading principal submatrix B; of
B,j=12,...,n, (A,(f'),x) is an eigenpair of B, and by = dq and c,, = d.

Proof. It is immediate that a; = /\gl). To show that the existence of a nonsymmetric

pentadiagonal matrix B with the required properties is equivalent to proving that the
systems of equations

() _ =1,
{Pj(/\i) 0, forj=1,2,...,ni=1,j, (35)

Bx = /\7(111 X,
where Pj()\) = det(/\Ij — Bj), j=1,2,...,nsatisfies Lemma 4 and has real solutions a;, b;,

and ¢; with bjc; > 0.
The first expression of the system (35) can be written as

B(A) = (W =) Bt (A) = bjae1Qi1 (4]) = 0, 2%

p. (AW AD _ g \p  (ADY — b e Q; ADY — o (36)

i\ i %) A AN ’
forj=2,3,...,n— 1. For n being even

P, (Ag’”) - (Ag’” - an)Pn,1 (AY’)) P (Ag'ﬂ)
—by—16,-1Qn—1 (Agn)) -2y =0,

() = (A )P (A1) — oy (147)
—by_104,-1Qn-1 (M@) -2y =0,

(37)

since (6) holds. For n being odd, a similar system to (37) is obtained.
Moreover, from the second expression of system (35), and by (25)-(27) and (33), we
obtain

_ n) _ o \M g %2
b= (W) -dil A0 (38)

IO Rt
by = (/\n ﬂz) PRI (39)

Xj Xj—2 .
biyw = (A —a) L —c T2 j=23...,n-2, 40
j+1 ( n ]) Xj 12 j—1 Xj42 ] ( )
_ (n) Xn—1 Xn—3
by = (/\n an> T 41)
Then, from (36), we obtain
i (42)
Ci1=—
/ b]_lR]
and
_4 n
ﬂ] = ﬁ]‘, ( )
forj=2,...,n—1
By Lemma 2 and condition (11), we have
b 71)]._1Wj >0
i—1Cj-1 = — — ,
(—1)/-1R;

forj=2,...,n—1
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Now, from (37) and Lemma 4, it follows that

1 Wn + bndZVn + 2’Yun

1= 44
Cn—1 b, 1 _R, (44)
and Zn + bud Ty + 295
a, = n + 0nda Ly + 275y ) (45)
Ry
Finally, from (34) we conclude b,,_1c,—1 > 0. O
Example 3. Given random real numbers in the Table 3
Table 3. Extreme spectral data.
j 1 2 3 4 5 6
AW 1 —0.4142 -1 —1.1357 —1.236 —1.5615
AU 1 24142 3 3.1357 3.236 3.5615

]

and dy = 3, d, = 1, and the vector
x = (2, 1.2807, 1.2807, 1.2807, 1.2807, 0.0177)T

satisfying the conditions of Theorem 3. According to Formulas (38)—(45), there exist a nonsymmetric
pentadiagonal matrix B of the form (3) given by

1 3 3
110 2
B 1010 2
1010 2
101 2
1 11
whose spectra of its the leading principal submatrices Bj, j = 1,...,6, are:
o(Bi) = {1},
o(By) = {-04142,24142},
0'(B3) = {—1,1,3},
o(By) = {-1.1357,0.3378,1.6621,3.1357},
o(Bs) = {—1236,0, 1, 2, 3.236},
c(B¢) = {-1.5615 —0.5615, 0, 2, 2.5615, 3.5615},
and Bx = (3.5615)x.

Example 4. In Table 4, we show the errors in the construction of nonsymmetric pentadiagonal
matrices of the form (3), from uniformly distributed random numbers using the Matlab rand
function, which satisfy conditions (11), (33), and (34). Here, we adopt the notations from Example

2. In addition, ey = log(||Bx — /A\,(qn)xH / ||/\,(1")x||).

Table 4. Relative errors in the construction of a nonsymmetric pentadiagonal matrix.

n 5 10 15 20 30 40 50
ey —14.6143 —14.4017 —14.2956 —14.0792 —13.8641 —13.6728 —12.9366
ey —14.4871 —14.2250 —13.8901 —13.0411 —12.7655 —12.4002 —12.1874
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4. Conclusions

In this paper, we give sufficient conditions for the existence of some symmetric and
nonsymmetric pentadiagonal matrices considering the extreme eigenvalues of their leading
principal submatrices in the first case, and, additionally, an eigenvector for the second
case is considered. Our results, being constructive, provide an algorithm to determine the
solution matrix.
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