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Abstract: All the time, differential dynamical models with delay has witness a tremendous applica-
tion value in characterizing the internal law among diverse biological populations in biology. In the
current article, on the basis of the previous publications, we formulate a new Lotka—Volterra commen-
sal symbiosis system accompanying delay. Utilizing fixed point theorem, inequality tactics and an
appropriate function, we gain the sufficient criteria on existence and uniqueness, non-negativeness
and boundedness of the solution to the formulated delayed Lotka—Volterra commensal symbiosis
system. Making use of stability and bifurcation theory of delayed differential equation, we focus on
the emergence of bifurcation behavior and stability nature of the formulated delayed Lotka—Volterra
commensal symbiosis system. A new delay-independent stability and bifurcation conditions on the
model are presented. By constructing a positive definite function, we explore the global stability. By
constructing two diverse hybrid delayed feedback controllers, we can adjusted the domain of stability
and time of appearance of Hopf bifurcation of the delayed Lotka—Volterra commensal symbiosis sys-
tem. The effect of time delay on the domain of stability and time of appearance of Hopf bifurcation of
the model is given. Matlab experiment diagrams are provided to sustain the acquired key outcomes.

Keywords: Lotka—Volterra commensal symbiosis system; peculiarity of solution; Hopf bifurcation;
stability; hybrid controller

MSC: 34C23; 34K18; 37GK15; 39A11; 92B20

1. Introduction

It is well known that the delayed dynamical model is a vital tool to solve many
biological questions. In order to describe the interrelation and internal law of biological
populations, many scholars pay great attention to the construction of various predator-prey
models. By exploring the various dynamical behaviors of predator-prey models, we can
effectively control the densities of predators and prey in the natural world. Recently, many
works on predator-prey models have been published and a great deal of excellent works
have been presented. For instance, Xiang and Wang [1] focused on the stabilization and
boundedness of a prey-predator system involving disease in predator and prey-taxis. Peng
and Yu [2] discussed the Turing pattern in a diffusive prey-predator system involving herd
behavior and nonlocal delay. Khan et al. [3] investigated the bifurcations and chaos of a 2D
discrete prey-predator system. Yan et al. [4] analyzed the bifurcation and stationary pattern
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in a Leslie-Gower prey-predator system involving prey-taxis. For more detailed studies,
one can see [5-10].

In 2020, Zhu et al. [11] proposed the following Lotka—Volterra commensal symbiosis
system:

dug(t) uy(t) us(t) q1Euq (1)

dr riu (£) (1 — I +a I > © mE 4 mouq (£) )
dug(t) — o (i‘) 1_ Mz(t) _ quuz(i’)

a2 I mzE 4 myup(t)

where 11 (t) represents the density of the first species and u;(t) represents the density
of the second species, 11,72 stand for the intrinsic growth of uj,uy, respectively, Iy, 1>
are the carrying capacities of uj,uy, a is the relationship coefficient between 11 and uy,
q1, g2 are catchability parameters, E stands for a fishing business that is used for harvest,
m;(i=1,2,3,4)is the proper real constant. All the parametersry, 12, I1, I2, q1, g2, E, myq, my,
ms, my are positive constants. For a more concrete meaning of model (1) one can see [11].
Zhu et al. [11] explored the partial survival extinction and global stability of the equilibrium
point of model (1). Here we would like to point out that in many cases, the development of
species relies on not only the current time but also the history time, based on this viewpoint,
it is necessary to introduce delay into the biological models. According to this idea, we
assume that there exists a self-feedback time from the first species 1 to the first species 14
and a self-feedback time from the first species u; to the first species 1. Then we can lightly
formulate the following delayed Lotka—Volterra commensal symbiosis system:

dug(t) _ u(t—0)  us(t) q1Euy(t)
= riug (k) 1— L +a I ) " 9nE £ (D) o
duz(t) — (t) 1_ uz(t — 9) _ quuz(t)
a2 I mzE + mguy(t) )

where 6 > 0 is a time delay that stands for self-feedback time.

From the viewpoint of mathematics, delay is a vital factor that affects the dynamical
traits of various differential systems. In various cases, a delay will result in an alteration
of stability, the emergence of bifurcation and the onset of chaos and so on [12]. One can
also see [13-19]. In particular, delay-caused Hopf bifurcation is an important dynamical
phenomenon. Biologically, delay-caused Hopf bifurcation can give a good description of
the balanced relationship among the density of various biological populations. In order
to reveal the interaction relationship of various biological populations, we argue that it
is of great importance to explore the delay-caused Hopf bifurcation for many biological
models. Inspired by this idea above, we are to focus on the delay-caused Hopf bifurcation
and control aspect of bifurcation for system (2). To be specific, we are going to deal with the
following key questions: (1) Analysis of the peculiarity of solution (e.g., non-negativeness,
existence and uniqueness and boundedness) of solution to system (2). (2) Study the
emergence of Hopf bifurcation phenomenon and stability issue of system (2). (3) Construct
both distinct controllers to adjust the domain of stability and the time that Hopf bifurcation
of system (2) generates.

The main contributions of this study are introduced as follows: (i) On the basis of
the previous publications, a new delay-independent bifurcation and stability criterion for
system (2) is set up. (ii) Making use of distinct controllers, the domain of stability and
the time that Hopf bifurcation of system (2) generates are controlled with effect. (iii) The
influence of delay on commanding Hopf bifurcation and stabilizing the densities of the first
species and the density of the second species of system (2) are offered. (iv) By constructing
a suitable positive definite function, we obtain the sufficient condition ensuring the global
stability of system (2).
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The structure of this article is stated as follows. The peculiarity of the solution (e.g.,
boundedness, non-negativeness, existence and uniqueness) of system (2) is discussed in
Section 2. Section 3 deals with the bifurcation phenomenon and stability of system (2).
Section 4 explores the global stability of system (2). Section 5 focuses on the control
problem of the bifurcation phenomenon for system (2) by formulating a reasonable hybrid
delayed feedback controller involving parameter perturbation accompanying delay and
state feedback. Section 6 handles the the control problem of bifurcation phenomenon
for system (2) via formulating a reasonable extended hybrid delayed feedback controller
including parameter perturbation accompanying delay and state feedback. Section 7
displays Matlab software (latest veresion 2023b) simulation outcomes to test the validity of
the acquired key results. A laconic conclusion is drawn to complete this work in Section 8.

Remark 1. Model (1) is an ordinary differential system, model (2) is a delayed differential system
that is more reasonable than model (1) and can better describe the objective reality in biology. Thus,
model (2) is new.

2. Peculiarity of Solution

In this part, we are going to explore the non-negativeness, existence and uniqueness,
and boundedness of the solution for system (2) by virtue of fixed point theorem, inequality
skills and a reasonable function.

Theorem 1. Let A = {uy,up} € R? : max{|uy|,|ua|} < U}, where U > 0 denotes a constant.
For every (uy19,uz0) € A, system (2) under the initial value (u19, uzy) owns a unique solution
u= (ul,uz) c A.

Proof. Set
fU) = (AU), £L(U)), (©)

where
AU) =rug(t)(1—

fo(U) = raup(t) (1 —

ul(t—G) +au2(t) B qlEul(t)
L L m1E + mpuq (t), )
uz(f(’)) _ qEuw(h)
mzE + mguy(t) ’

For arbitrary U, U € A, one gains
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£ () — £(1D)]
uz(f) B qlEul(t)
[Tlul ( e L ) mlE+m2u1(f)]
iip(t) q1Edt (t)
{rlul <1 T I )_ mlElJF”’llZﬁl(t)”
u2 t— quUQ(t)
{rZuZ 2 <1 ) m3E+m4uz(t)}
|, _ @Em ()
2”2 ( ) H”I3E+7’I”I4ﬁ2(t):|‘
_ <t>u (t—6) w(huw(t)  qEui(t)
= H’“‘l“) I an S — nizulm]
[ i1 (1) (£ — 0) i1 (£)din (¥) q1Eitq (t)

B _rlul(t) -n= 111 +an= 112 B m1E1+ nizﬁl(t)”

up(H)up(t — 0) qaEus(t)

N {Vzuz(f)—rz : 122 _m352+ﬂ§4u2(t)}

_{, T(t) —r ()i (t—0)  qoEilp(t) H

272 2 I, m3E + myiy (t)
smulm—a1<t>|+%|u1<t>—a1<t>|+ﬂ\u1<t—e>—a1<t—9>|

#ralia(t) = Ba(0)] + 25 ua (1) = ma (1) + 2 a (¢~ 6) — ot~ O)
““|u1<> ﬁ1<t>|+%uz<t>—az<t>|+%|u1<t>—u1<t>|

+ ;%w (t) — i (t)|

< ln(®) = (0] + 22 s (1) = (0)] + 2 1) = i 1)

+ rafua(t) — (1) +% 2(8) — i (h) +% 2(8) — (1)
(1) = @ (0] + T ua(e) = ma()] + (1) — @ (0)
m*3|uz( ) — tia(t)]

< 01|y (£) — i ()] + Balua(t) — a(t)], 5)
where

O =11+ 21’112/[ rlla n q ,

1 1 LGH
192:72+21’12U+1’127ﬂ+q72. ©

2 ms

Let

¢ = max{th, % }. (7)

Then it follows from Equation (5) that
[If(u) = f(@)]| < ofju Ul (8)

Thus f(U) conforms to Lipschitz condition for U (see [17]). Using fixed point theorem,
we can easily conclude that Theorem 1 is true. [

Theorem 2. All solutions of system (2) starting with R%. are non-negative.
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Proof. Assume that U(0) = (u1(0), u2(0)) is the initial value of system (2). By the first
equation of system (2), we obtain

dug (t) [ <1_ up (t—0) +au2(t)> _ qE

u1(i’) I I m1E + mouq

which leads to

/Ot OZ?((:)) _ /Ot [71 (1 _ ul(tl1 6) +,1”215f)) B mlEffzul(t)]dt' (10)

o) )

Hence,
_ [ ur(t—0)  un(t) qE |
Inuy(t) —Inuqy(0) = /0 [rl (1 i +a L) " mE+ ] dt. (11)
Then,
t up (t —0) uz(t)> qnE ) 1
£) = u1 (0 / 1- - dt| >0. (12
up(t) = uy( )eXP[ A (71( I +a L i + iy (5 )] (12)
By the second equation of system (2), we obtain
dus (t) |: ( up(t — 9)) q2E ]
= 1— — dt, 13
us(t) & I m3E + myu(t) (1)
which leads to
Eduy(t) /t [ ( upy(t — 9)) g E }
= 1-— — dt. 14
/0 us(t) o2 I m3E + mguip(t) (14)
Hence,

Iz (£) — Inu(0) = ./O‘t [rz (1 G 9)) 92 }dt. (15)

I B msE + mguy(t)

Then,

1z (t) = 12(0) exp [/Ot (rz (1 - ”Zlit)> i —fzniuz(t))dt} > 0. (16)

The proof of Theorem 2 ends. O

Theorem 3. If0 = Oand [ > *, 2 > 57k, then all solutions of system (2) starting with R? are

207 T
uniformly bounded.

Proof. Let,
W(t) = uy(t) + ua(t). (17)
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Then,

AW()  du(f) dua(t)
dt dt dt
_ u(t) | ua(t)\  quEu(t)
B {rlul(t)<l_ h e I > m15+m2”1(f)]

+[r2u2(t) (1 _u (t)) _ qEus(t) }

msE + myuy(t)

u?(t) up(H)uy(t) q1Eus (t)
<71u1(t)—7’1 111 +ar = 112 >_ m1E1+ Wtzul(f)]

<rzu2(t) -1 u%it)) - 9B (t) ]

msE + myuy(t)

+

T T T T
< rui(t) + raus(t) — <li — %)u%(t) _ (2 _ Zli)u%(t)

= ryug(t) + raua(t) — <% - %)u%(t) + (5 = )

= —r1(ug(t) +up(t)) + 2rius (t) + (r1 + r2)ua(t)

(g 2 (T2 g1 2
(ll 21 )ul(t) (12 21 )uZ(t)
—7’1W(t) + M, (18)

IN

where

1’2 T
1 2
noqn TR qri- (19)

Iy 24 I, 24

M=

By Equation (18), we obtain

W(t) — rM' as t— +oo. (20)
1
Therefore, all the solutions of the system (2) are uniformly bounded. O

3. Bifurcation Research

Assume that system (2) has the equilibrium point: E(u1,, 24 ), where uy,, u, obey

Uy | Uk q1Euq,
T ! ll e ll ) m1E + mauy, ’ (21)
raug, | 1 — o) __ GaEtne =
) m3E + myup,
Let
{ Ul = U7 (t) — 1 (t), 22)
Uy = uz(t) — 112(1’).

The linear system of system (2) around E(u1,, u2,) takes the following expression:

duy(t) Ut | U\ q1E(mE + mouiy) — q1Empuy,
at {rl <1 L' (M1 E + mauy,)? ()
+a% (t)-% (t—8)
1
dus(t) _ (1- &)  q2E(m3E + myup,) — q1Emyuip, (1)
dt I (m3E + myun, )? 2
— %uz(t — 9)
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Let,

_ @E(mE + mau1y) — q1Empuy,

b 27’1(1—&4‘(1%)

ll 11 (mlE —+ m2u1*)2 s
b, = Uty
»=a——,
h
Ulx
by = T
1
by = rp(1— 22) = Q2E(m3E + myup,) — q1Emaup,
4 2 I, (7’}13E T m4u2*)2 ’
pe — H2x
5 A
Equation (23) becomes
du;t(t) = byuy (t) + boup(t) — bauq (t — 6),
dujt(t) = byuy(t) — bsup(t — 6).

The characteristic of Equation (25) owns the following expression:

A—b1+ bge_/\e —by .
det 0 A—Dby+ b5€_)‘9 =0
which leads to
(A2 —ciA +c5)eM +cge ™ 4 oA — 3 =0,

where

c1 = b1+ by,

¢y = by + bs,

c3 = b1bs + bsby,

¢4 = bsbs,

C5 = b1b4.

If 0 = 0, then Equation (26) reads as:
Az — (1 —c)A—c3+cy+0c5=0.

If
(G1) ca—c1>0,c4+c5—0c3>0

(23)

(24)

(25)

(26)

(27)

(28)

is fulfilled, then the two roots A1, A, of Equation (28) have negative real parts. Thus the
equilibrium point E(u1,, U, ) of the model (2) under 6 = 0 holds a locally asymptotically

stable state.

Suppose that A = i¢ is the root of Equation (26). Then Equation (26) takes

((i9)? — c1igp + c5)e¥? + cue ™% + (crip — c3) =0,

which generates

(—¢? — c1igp + c5) (cos ¢pO + i sin pB) + c4(cos PO — i sin ¢p@) + (crip — c3) = 0,

It follows from Equation (31) that

(—¢* + c5) cos PO + c1¢ sin PO + ¢4 cos PO — c3 = 0,
(=% + c5) sin ¢ — c1p cos PO — cy sin b + cop = 0.

(29)

(30)

(31)
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Namely,
(—¢? + 5+ cq) cos PO + c1psin ph = c3, (32)
—c1pcos PO + (—¢* + c5 — c4) sin PO = —cap.
It follows from Equation (33) that
E1 Ccos (PG + Fl sin 4)9 = Dl/ (33)
Ej cos p0 + Fr sinpd = D;.
where
Er = (—¢* +c5+ca),
EZ - _C14)/
Fl = Cl(Pr
34
F=(—¢*+c5—ca), 34
Dy =c3,
Dy = —ca¢.
It follows from Equations (34) and (35) that
—h2 _ 2
COSQDGI 2C3( ¢+ cs 2C4)+C1624) .
(—¢* +c5+ ca) (—¢* +c5 — ca) + c1¢ (35)
. _ —c1c39 — ¢ (¢* + ¢5 + ¢4)
sin 0 = 55
(—=¢? + 5 +ca)(—¢? + 5 —ca) + c1¢
By Equation (36), one obtains
A
cos® pf = B—l,
! (36)
sin® ¢pf = A2
By’
where
Ay = (2c102 4 cic5 + 3)¢* — (2(c5 — c4)(c3 + c10203))* + c3(c5 — c4)%,
By = ¢° —dos¢® + (605 — 2c})¢* + (4cycs — 4c3)9” + cf + 6§ — 2cic3, 37)
Ap = 3¢ —2(c10203 + c3(c5 + c4))p* + (e3¢5 + 2c1cac3(c5 +c4) + 3(cs 4 ¢4)?,
By = ¢° — dcs¢® + (605 — 2c5)¢" + (deges — 4c3)9” + i + c& — 2cics.
In view of cos? ¢p8 + sin® pf = 1, we gain
¢® + H1¢® + Hap* + H3¢® + Hy = 0, (38)
where
H, = *(C% + 4C4C5),
Hy = 6¢2 — 2¢§ — 2c1c0 — 3¢5 — ¢34+ 2(c1cac3 + c3(c5 +¢4)),
Hz = 4cq05 — 4c2 + ((2(cs — ca)(c5 + c16203) (39)
— (c3c% + 2c1co03(c5 4 c4) + 5 (cs5 + c4)?),
Hy = c}+ct —2c3c2 — 3(cs —cy)?.
Let,
A1(¢) = ¢° + Hi¢® + Hag" + Ha¢” + Hy. (40)
Suppose that

(Ga) ¢34t —2c2c2 — B(cs —cy)? <0

holds, noticing that limy 1« A1(¢) = +0c0 > 0, then we know that Equation (38) admits
at least one positive real root. Thus Equation (26) owns at least one pair of purely roots.
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Without loss of generality, here we suppose that Equation (38) admits eight positive real
roots (say ¢;,i =1,2,3,---,8). In view of (36), one gains

1 —? — 2
91.(k) = a arccos 7 cs(—¢; +C5_ 2C4)+C_1C2¢’ 5 | +2km
i 4)1' +c5+ C4)( 4)1- +c5 C4) + Cl(Pi

, (41)

wherei = 1,2,3,---,8,k = 0,1,2--- . Denote 6y = min{l-:llmlm,8;,(:0,1,2,‘,,}{G}k)} and
suppose that when 6 = 6y, Equation (27) admits a pair of imaginary roots +ifj.
In the sequel, the following condition is given:

(G3) HirHor +HirHar >0,

where
Hir = ¢ — 2¢p8p sin ¢ppby — c1 cos pobp,
Hir = 2¢bp cos ¢pty — c¢1 sin ¢pbo,
Har = (¢ocs — capo — @) sin b — c1¢9] cos pob,
Har = (5 — Pocs — cago) cos poby — c1¢5 sin pobp.

(42)

Lemma 1. Let A(0) = €1(0) + iex(6) be the root of Equation (26) at 6 = 6y satisfying €1(6y) =

0,€2(60) = o, then Re(%) ‘9:90 $=do >0

Proof. By Equation (26), one gains

_oNIA e 2 A ((dA _ e dA dr _
(21 cl)%e + (A* — 1A +c5)e %94—/\ cge %94-)\ ey =0, (43)
which results in )
a1 Hi(A) 6
(@) -0« “
where
H1()\) = (Z)L — 61)6/\9 + Cp, (45)
Ha(A) = (C4€_/\6 — ()\2 —qA+ C5)€A9))L
Hence
Re (d/\) 1] _ Re {7‘[1 (/\)} _ HarHor + HarHor (46)
40 0=00,9=ao Ha2(A) 0=60,9=¢o Mg+ H3,
In view of (G3), one gains
-1
Re (%‘) ] >0, (47)
6=60,9=¢o

which completes the proof. [

Based on the study above, the following results are easily acquired.

Theorem 4. Assume that (G1)-(G3) hold, then the equilibrium point E(u14, Uz, ) of model (2) is
locally asymptotically stable if 6 € [0,600) and model (2) is to produce a cluster of Hopf bifurcation
near the equilibrium point E (i1, Uz, ) when 6 = 6.
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4. Global Asymptotically Stability of System (2)
In this section, we explore the global asymptotic stability of the system (2). Assume

that
2
" qimp [ 11 g1mp T2 (amy a
- > ==, - — == = — —— <0
@) 7, m3E <11 m%h") (lz ng> an

Theorem 5. If (G4) holds, then the equilibrium point E(uq4,uz,) of the model (2) is global
asymptotically stable.

Proof. Define

H(t
4OEDY (u]-(t) — Uj — Uj In ubjl( )>. (48)
j=1 J*
Then
dv(t) () —urdug(t) | up(t) — us. dup(t)
dt uq (t) dt Mz(f) dt
rui(t—0)  rua(t) nE
< _ _ _ _
- (ul(t) ul*) l:rl 11 “ ll m1E + mzul(t)
_ _ nup(t—0) 72 E
+<u2(t) uz*) |:7’2 I, m3E + m4u2(t)
— (ul(t) - ul*) |: r]U](t — 9) + r1U1x o arlu2(t) + a”luz*
ly ly h h
__mE qE -
m1E + mouq(t) + mE + mzul*} + (ua(t) —u2i)
« [_rzuz(t — 9) n rollps qQE Q2E }
I, I msE + mgup(t)  m3E + myin,
r a
< *ﬁ(ul(f) —up)” + E(ul(t) — u1,) (up(t) — uoy)
m r
FI2 (0 (1) — m)? = () - u2.)?
I 2
g2y 2
+ m%E (up () — uoy)
(1 qump B 2 (T2 42y B 2
(ll nE ) (uq(t) — u1y) (Zz naE > (un(t) — uzy)
a
+E(u1(t) — upy) (U (F) — upy). (49)

If (G4) is fulfilled, then d‘g—gt) < 0, which implies that Theorem 5 is true. I

5. Bifurcation Domination via Hybrid Controller I

In this section, we are to investigate the Hopf bifurcation control issue of the system (2)
via a suitable hybrid controller consisting of state feedback and parameter perturbation
with delay. Taking advantage of the idea in [20,21], we obtain the following controlled 2D
Lotka—Volterra commensal symbiosis system:

0 (1- B0 o) _ptal)
dus(t) (t—10) Eus(t) 50
u;t = [rzuz(t) <1 - A ) B m3gz+i:j4u2(t)] >

—|—D€2(H2(t — 9) — uz(t)),
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where a1, a stands for feedback gain parameters. System (50) and system (2) own the same
equilibrium points E(i1,, Uz, ). The linear system of system (50) around E (11, U, ) takes
the following expression:

dt:[““zl”zl

U q1E(myE 4+ mauy,) — q1Emapuy,
) — uy(t)
(ﬂ’llE + mzul*)z

a0 — By,
I I

which generates

where

51)
dup(t) Upe\  G2E(m3E + myuy,) — q1Emgus, (
at MZZ(l lr ) (m3E + myiin, ) oz fu(t)
- (‘le + o) ua(t — 0),
duq (t
;’t( ) _ dyuy (t) + daua(t) — dauy (t —90), 52
du, (t
% = dyuy(t) — dsuy(t — 0),
U1y Upe . q1E(miE + mouy,) — q1Emauq,
dy = (1= M g gty ,
1=r11( R ) (i E -+ matis,)?
dr — a1x
2 = a 7
u h
ds ==, (53)
1
dy = ayra(1— %) B goE(m3E + myup,) — g1 Emgun, .

(Wl3E + Wl41/l2*)2

Assume that uy(t) = x1eM,up(t) = xaeM(x1x2 # 0) are the solution of system (52),
then it follows from (52) that

Kl/\e/\t = dlKleM + deze/\t - d3K1€A(t_9)/ (54)
koAeM = dyrpeM — d51cze/\(t*9),
which leads to
KA = dixq + doky _,)1\1931{16_)\9, (55)
KA = d4K2 - d5K2€ .
That is
(A—dy + dge_/\g)Kl —dyky =0,
Y (56)

(/\—d4+d5€ Yk = 0.

This is a equations with respect to 1, k2, notice that x1xy # 0, we obtain that the
characteristic equation of (52) owns the following expression:

A—dy + d3€7/\9 —dy .
det{ 0 A—dy+dse M | 0, (57)
which leads to
(A2 —e1A + e5)e’ + e £ o) —e3 =0, (58)
where
€1 — dl + d4,
ep = d3+ds,
e3 = dyds + dzdy, (59)
€4 — d3d5,

e5 — d1d4.
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If 6 = 0, then Equation (58) reads as:
A2 —(e1—ep)d—e3+es+e5=0, (60)

If
(g5)62—€1 > 0,e4+e65—e3>0

holds, then the two roots A1, Ay of Equation (60) owns negative real parts. Thus the
equilibrium point E(u1,, up«) of model (50) under 6 = 0 keeps locally asymptotically
stable state.

Suppose that A = i( is the root of Equation (58). Then Equation (58) takes

((i0)? — e1i + e5)e™? + ese ™0 + (e2if — e3) = 0, (61)
which results in
(=% — e1il + e5)(cos {8 + i sin {0) + e4(cos {0 — isin {B) + (e2il — e3) = 0. (62)

It follows from (62) that

(=% +e5)cos B + e1{sin {0 + ey cos {6 —e3 = 0, 63)
(=% +e5)sin {0 — e1{ cos {0 — ey sin {0 + ex{ = 0.
Namely,
(=% +e54e4)cos {0+ e10sin 0 = e3, 64)
—10c0s {0+ (=% +e5 —eq)sin 0 = —epl.
It follows from (64) that
Gypcosl0+ J1sinl0 = I, (65)
Gpcos O+ [rsin0 = Iy,
where
G = +cs+c,
GZ == _Clgl
h=cag,
66
Jo= 0 +es—cs (66)
L =c3,
I =—c
It follows from (65) and (66) that
iy _ 2
cos 70 263( " +es 26’4)+€1€2§ —
(—C*+es+eq)(—C% +es—es) +eiC 67)
o —e1e3l — 0 (0% + e+ e4)
sin¢f = Tk
(—0? +es+eq)(—C%+es —eq) +e10?
It follows from (67) that
cos? 6 = %,
S (68)
sin? 76 = =2,
2
where
Dy = (2e16; + efe5 + €3)0* — (2(es — e4) (€3 + e1e263))0° + €3 (e5 — e4)?,
Cp = 8 — 4e50® + (662 — 263)0* + (4eges — 4e3) % + ef + €2 — 2e5¢e2, (69)

Dy = e37° — 2(eqeres + €3 (es +eq) )0t + (e2e5 + 2eqeqe3(es +ey) + €5 (es 4 e4)?,
Cy = 8 — 4es0® + (662 — 2¢7)0* 4 (deges — 4e3) 7% + e} + ex — 2eges.
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In view of cos? {# + sin? {# = 1, we obtain
$®+ Kil® + Kol* + K33® + Ky = 0, (70)
where
K = —(e% + 4deges),
Ko = (662 — 22 — 2e1ey — e3¢5 — €3 + 2(ejenes + €3 (e5 +e4))),
K3 = 4eges — 4eg + (2(es — 64)(e§ + eqeze3)) (71)
— (€263 + 2e1e0e3(e5 + e4) + €3 (e5 + €4)?),
Ky = e} + et —2e5e2 — e3(e5 — eq)?,
Let
M () = 8 + K128 + Kpl* + K3? + Ky (72)
Suppose that

(Gs) €4 + e — 2¢fes — e3(e5 — es)* < 0

holds, noticing that lim;_, ; ,, A2({) = 400 > 0, then we find that Equation (70) owns
at least one positive real root. Thus Equation (58) owns at least one pair of purely roots.
Without loss of generality, here we assume that Equation (70) admits eight positive real
roots (say (,,t =1,2,3,---,8). According to (67), one obtains

1 _ 2 _ 2
0% = | arccos 5 e(=Ci Fes 264) 12k, 55 | T2k
O (=02 +es+ey) (=07 +es —ey) + el

, (73)

where | = 1/ 2, 3, . 8,k — 0, 1,2 -+ . Denote 6* = min{lzllz,alm’8;;{:0’1,2’,,, }{Gl(k)} and
suppose that when 6 = 6, (58) owns a pair of imaginary roots %i(y.
Now, the following condition is presented:

(G7) WirWhr + Wi iWar > 0,

where
Wir = ex — 200, sin {pf, — eq cos (b,
Wi = 2000+ cos {ob« — eqsin (o0,
Wir = (oes — eslo — {3) sin {obx — €15 cos {obs,
Why = (3 — Goes — ealo) cos {ofx — €105 sin {obs.

(74)

Lemma 2. Let A(0) = 71(0) + iv2(0) be the root of Equation (58) at 6 = 0, obeying

71(0+) = 0,72(6+) = Qo, then Re(%) ’9 bi=ts
=Usx,6=60

Proof. Using Equation (58), one acquires

oA e 2 Ap (A L —ap(dA ar _
(24 el)dee + (A —eqA +es)e d99—|—)\ eqe de()—i—/\ +ezd9—0, (75)

which leads to

A1 owm(A) e
(@) =wo v 76)
where
Wi(A) = A —e1)e™ + ey, -
Wa(A) = (ege™ — (A2 — 1A +e5)eM)A.
Hence,
dA\ ! Wi (A) WirWar + WiiWoy
Re () ] = Re[ ] = . (78)
df 0=0,,0=0, W (A) 0=0.,0=Co W?%R + WZZI
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du (t)
dt

duy(t)
dt

+ Prafrua(t) — (Br s — B2)ua(t — 0),
A e SO SO B

By (Gy), one obtains

Re

(‘;/9\) _1] >0, (79)

6=06:,6=Co
which completes the proof. [

Based on the study above, the following conclusion is easily acquired.

Theorem 6. Suppose that (Gs)-(Gy) hold, then the equilibrium point E(u1, uay) of the model (50)
holds locally asymptotically stable if 6 € [0, 0, ) and model (50) produces a cluster of Hopf bifurca-
tions at the equilibrium point E(u1,, Upy) when 6 = 6.

Remark 2. In model (50), we adjust the growth rate of the density of the second species via changing
state feedback and parameter perturbation with delay.

6. Bifurcation Domination via Hybrid Controller II

In this part, we are to explore the Hopf bifurcation control issue of the system (2) by
virtue of a suitable hybrid controller consisting of state feedback and parameter perturba-
tion involving delay. According to the idea in [22], one can lightly formulate the following
controlled 2D Lotka—Volterra commensal symbiosis system:

duq(t) u(t—0) uy () q1Euq (¢)
E}t = b [rlul (t><1 - I ta 2[1 ) B m1E1+ ﬂ’llzul (t)}

e + Bofur(t —0) — s (2], 0 _ (80)
Up . Up(t — q2EUp
N {rzuz(t)(l A )= m3E + m4u2(f)}

+ ’)’z[uz(t — 9) — uz(f)},

where 6 stands for control parameter. System (50) and system (2) own the same equi-
librium points E(u1,, Uz, ). The linear system of system (80) around E(u1,, t2,) takes the
following expression:

—_— + a—
I I (mlE + TI”I2M1*)2

gy (1= Ty g2 - q1E(m E + mauyy) — lhEmzul*) B ,32] 0 (8),

(81)

Ip (m3E + myuin, )2
Uy

Y1 = 12)uz(t - 0).

Let
Uty Uy qlE(mlE =+ mzul*) — qlEmzul*
— 1— 2x Toxy _
fi=p {71( I +a L ) (M E + motiny)? B2,
f _ ‘B aul*
2 — 1 y 11 7
fs= /31—111* - B2, (82)
Upe . G2E(m3E + myup,) — q1Emyun,
= 1 —_— —) — —
f4 r)/l |:7’2( l2 ) (m3E+m4M2*)2 2/
_ . Uy
fs=m1 =7
2
Then (81) becomes

= fiui(t) + fous(t) — fauq(t —90),

y )
P20 — fyua(t) ~ foualt - 6).
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The characteristic equation of system (83) owns the following expression:

A—fi+ fre M —f2 _
det 0 A—fy +f5€*A9 =0, (84)
which leads to
(A2 — A + h5)e? + hye ™0 + oA — g = 0. (85)
where
hy =b1 + b4,
hy = bz + bs,
h3 = bybs + b3by, (86)
hy = bsbs,
hs = by by.

If 0 = 0, then Equation (85) reads as:
A2 — (hy —ho)A —h3 + hy + hs = 0. (87)

If
(gg) hy —hy > 0,hy + hs — h3 > 0.

is fulfilled, then the two roots A1, A; of Equation (87) have negative real parts. Thus the
equilibrium point E(u1,, t2,) of the model (80) under 6 = 0 keeps a locally asymptotically
stable state.

Suppose that A = i¢ is the root of Equation (85). Then Equation (85) takes

((i§)* — i€ + h5)e™®® + hye ™ + (hyi§ — h3) = 0, (88)
namely,
(=& — hyi& + hs5)(cos &0 + i sin &) + hy(cos &0 — isin &0) + (hpif — h3) = 0. (89)

It follows from (89) that
(=& + h5) cos &0 + hy & sin &0 + hy cos €0 — hy = 0, (90)
(=2 + hs) sin &0 — h1& cos 0 — hy sin &0 + hp& = 0,

which leads to
{ (—Z% 4 hs + hy) cos &0 + hy & sin €0 = h, 1)

—h1Ecos E0 + (=& + hs — hy) sin 0 = —hpl.

It follows from (91) that
M;j cos ¢p0 + Ny singd = Ly, ©92)
My cos ¢0 + Ny sinpd = Lo,

where
My = (—Cz + hs + h4)/
M = —hy¢,
Ny = ¢,
Ny = (=& +hs — hy),
Ly = h3,
Ly, = —hyh.

(93)
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It follows from (92) and (93) that

h3(—&% + hs — ha) + hihyg?

0= ,
O (T by 4+ a) (— 2+ s — hy) + 122 b
an —hihag — g (8% + hs + hy)
sin ¢l = TR
(=C% 4 h5 + hy)(—G? + hs — hy) + h3¢?
It follows from (94) that
cos? ¢o = %,
K1 (95)
sin? &0 = 2
Ry’
where
Q1 = (2hihy + W33 + h3)E* — (2(hs — hy) (W3 + hihohs) )& + W3 (hs — hy)2,
Ry = &% — 4hs® + (613 — 213)&* + (4hahs — 4h3)E% + hi + h3 — 2h3h3, 96)
Qo = 13Z% — 2(mhohs + W3 (hs + hy))E* + (hh5 + 2hihohs(hs + ha) + h3(hs + hy)?,
Ry = &% — 4hs® + (613 — 213)&* + (4hyhs — 4h3)E% + h} + ha — 213K,
In view of cos? &0 + sin® &0 = 1, we obtain
B+ X2+ Xl + X380 + X4 =0, (97)
where
Xy = — (5 + 4hyhs),
Xy = 6h% — 212 — 2hyhy — W3h% — W3 + 2(hyhahs + K3 (hs + hy)),
X3 = dhyhs — 4l + (2(hs — hy) (K3 + hihah3)) (98)
— (W3h3 + 2h1hahs (hs + hy) + B3 (hs + hg)?),
Xy = Wi+ h — 213h2 — W3 (hs — hy)?.
Let
A3(Z) = &%+ X120 + X8t + X382 + X, (99)
Suppose that

(Go) hs + lis — 2h3h3 — 13 (hs — ha)* < 0

holds, since limg_, | « A3(&) = +oo > 0, then we know that Equation (97) admits at least
one positive real root. Thus, Equation (85) owns at least one pair of purely roots. Without
loss of generality, here we assume that Equation (97) has eight positive real roots (say
¢v,v=1,23,---,8). According to (94), one has

_F2 _ ho &2
ok _ 1 recos ' h3(=Gy + hs 2h4) + o8y | + 2k, (100)
v (=82 + hs + hy) (=85 + hs — hg) + h3C3
wherev =1,2,3,--- 8k =0,1,2,--- . Set 0,0 = ming,_153,... 840,12, }{Gsk)} and assume
that when 6 = 6,0, (85) has a pair of imaginary roots +if,y.
Next, the following condition is provided:
(G10) LirL2r + L11L21 >0,
where
L1r = hy — 20840 8in §obx0 — h1 cos Gobo,
L11 = 280840 cos §obxo — e1 5in Gpbxo, (101)

Log = (Eohs — halo — &) sin &ofuo — h1 &G cos Eob.o,
Lo = (& — Eols — hao) cos Eobuo — M1 &5 sin Eobao-
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Lemma 3. Let A(0) = 61(0) + i62(0) be the root of Equation (85) at 6 = 0. satisfying 61(0+9) =

0,02(6+0) = Go, then Re@%) ’9:9*0,6260

Proof. Using Equation (85), one gains

(2A—h1)%‘ew+ (A2 —h1A+h5)ew(d)‘9+A> —h4e)‘9<;llg9+)\) +h2%‘ =0, (102)

which implies

dAA\"Y LA 8
where
L1(A) = 2A — h1)eM + hy, (104
La(A) = (hae™" — (A2 — A + b)) A.
Hence,
-1
Re (‘M) ] _ Re[ﬁl(/\)} _ E1RE22R + 5211521. (105)
49 0=0,0,8=C0 L2(A) Jo=p,0,2=2, Lor + Lo
By (G10), one gains
A\ !
Re l(d@) ] >0, (106)
929*0!6260

which completes the proof. [

Based on the study above, the following conclusion is easily acquired.

Theorem 7. Suppose that (Gg)—(G1o) hold, then the equilibrium point E(u1, U2, ) of the model (80)
is locally asymptotically stable if 6 € [0, 0.¢) and model (80) generates a Hopf bifurcation around
the positive equilibrium point E(u1y, ty) when 6 = 0,.

Remark 3. In model (80), we adjust the growth rates of the densities of the first species and the
second species via changing state feedback and parameter perturbation with delay.

Remark 4. Zhu et al. [11] dealt with the global stability and partial survival extinction of the
model (1). In this paper, we set up a more reasonable delayed predator-prey model and explore
the bifurcation behavior and hybrid controller design of the formulated Lotka—Volterra commensal
symbiosis model. Theoretically speaking, the research methods have enriched the bifurcation theory
of delayed differential equations to some degree. Biologically speaking, the obtained results of this
article play a vital role in controlling the densities of predator species and prey species. Based on this
viewpoint, we think that this paper has some novelties.

7. Matlab Simulations

Example 1. Consider the following Lotka—Volterra commensal symbiosis system accompany-
ing delay:

dug (t) 0.5u71 (£)(1 — 1.6u1(t — 0) +0.12uy(t)) — m' (107)
. . 107

p 03x17

u;t( Y~ 084us(1) (1 3ua(t ) - 34%4528 '

It is easy to acquire that system (107) admits a unique positive equilibrium point
E(0.4678,0.2431). One can easily verify that the conditions (G )-(G3) of Theorem 4 hold true.
By applying Matlab software (latest version 2023b), one can obtain 6y ~ 2.22. To Validate
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the correctness of the acquired assertions of Theorem 4, we choose both different delay
values: 0 = 2.17 and 6 = 2.45. For 0 = 2.17 < 6y ~ 2.22, we obtain simulation diagrams
which are presented in Figure 1. Based on Figure 1, we find that ;1 — 0.4678, u; — 0.2431
when t — +o0. In other words, the equilibrium point E(0.4678,0.2431) of the model (107)
holds a locally asymptotically stable state. Biologically speaking, the density of the first
species and the density of the second species will tend to 0.4678, 0.2431, respectively. For
6 = 2.45 > 6y ~ 2.22, we obtain simulation diagrams which are presented in Figure 2.
Based on Figure 2, we find that u; will keep the periodic vibrating level around the value
0.4678, up will keep the periodic vibrating level around the value 0.2431. That is to say, a
family of periodic solutions (namely, Hopf bifurcations) appear near the equilibrium point
E(0.4678,0.2431). Biologically speaking, the density of the first species and the density of the
second species will keep periodic vibration around the values 0.4678, 0.2431, respectively.

0.476 T T T T T T 0.32

0.474 0.3

0.472

0.47

0.468

u, )

0.466

0.464

0.462

50 100 150 200 250 300 350

0.16
046 0462 0464 0466 0468 047 0472 0474 0476

)

Figure 1. Matlab simulation figures of system (107) under the delay 0 = 2.17 < 6y = 2.22. The
equilibrium point E(u1,, p.) = E(0.4678,0.2431) holds locally asymptotically stable level.

Example 2. Consider the following controlled Lotka—Volterra commensal symbiosis system accom-
panying delay:

duy (t) 0.5u1(t)(1 — 1.6u1(t — 8) +0.12us (t)) — m/
a 03 x 1.7
%(f) — ay |0.84uy(t) (1 — 3.4uy(t — 0)) — M (108)

+ Déz(uz(t — 9) — uz(i‘)).

It is easy to acquire that system (108) admits a unique positive equilibrium point
E(0.4678,0.2431). Let a1 = 0.84,a, = 0.05. One can easily verify that the conditions
(G5)—(G7) of Theorem 6 hold true. By applying Matlab software, one can obtain 6, ~ 2.5.
To Validate the correctness of the acquired assertions of Theorem 6, we choose both different
delay values: 0 = 2.4 and 6 = 2.9. For 6 = 2.4 < 8, = 2.5, we obtain simulation diagrams
which are presented in Figure 3. Based on Figure 3, we find that u; — 0.4678, u, — 0.2431
when t — +o0. In other words, the equilibrium point E(0.4678,0.2431) of the model (108)
holds a locally asymptotically stable state. Biologically speaking, the density of the first
species and the density of the second species will tend to be 0.4678,0.2431, respectively.
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For 6 = 2.9 > 6, = 2.5, we obtain simulation diagrams which are presented in Figure 4.
Based on Figure 4, we find that u; will keep a periodic vibrating level around the value
0.4678, uy will keep a periodic vibrating level around the value 0.2431. That is to say, a
family of periodic solutions (namely, Hopf bifurcations) appear near the equilibrium point
E(0.4678,0.2431). Biologically speaking, the density of the first species and the density of the
second species will keep periodic vibration around the values 0.4678, 0.2431, respectively.

0.495 05

0.491- 1 0.45

0.485 bl 0.4

0.35

03

u,)
°
3

u(t)

0.25

u,(t)

0.45 0.46 0.47 0.48 0.49 . 044 0
w0 !

Figure 2. Matlab simulation figures of system (107) under the delay 6 = 2.45 > 6y = 2.22.
A cluster of periodic solutions (i.e., Hopf bifurcations) arise around the equilibrium point
E(u1s,12,) = E(0.4678,0.2431).

Example 3. Consider the following controlled Lotka—Volterra commensal symbiosis system accom-
panying delay:

du;t(t) = By [O.Sul(t)(l —L.6uy(t —0)+0.12uy(t)) — m]

+ B (ur(t—0) —ua(t)), 03 % 17 (109)
—m {0.84112(1‘)(1 ~Bduy(t—0)) — M]
+Y2(ua(t — 0) —ua(t)).

duy(t)
dt

It is easy to acquire that system (109) admits a unique positive equilibrium point
E(0.4678,0.2431). Let B1 = 0.5, B2 = 0.5,1 = 0.84, 72 = 0.02. One can easily verify that
the conditions (G7)-(Go) of Theorem 7 hold true. By applying Matlab software, one can
obtain 6, ~ 2.32. To Validate the correctness of the acquired assertions of Theorem 7, we
choose both different delay values: 8§ = 2.25 and 6 = 2.39. For 8§ = 2.25 < 6,9 = 2.32,
we obtain simulation diagrams which are presented in Figure 5. Based on Figure 5, we
find that u; — 0.4678,uy — 0.2431 when t — +c0. In other words, the equilibrium point
E(0.4678,0.2431) of the model (109) holds a locally asymptotically stable state. Biologically
speaking, the density of the first species and the density of the second species will tend to
be 0.4678, 0.2431, respectively. For 8 = 2.39 > 6,9 ~ 2.32, we obtain simulation diagrams
which are presented in Figure 6. Based on Figure 6, we find that u; will keep a periodic
vibrating level around the value 0.4678, u; will keep a periodic vibrating level around
the value 0.2431. That is to say, a family of periodic solutions (namely, Hopf bifurcations)
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appear near the equilibrium point E(0.4678,0.2431). Biologically speaking, the density of
the first species and the density of the second species will keep periodic vibration around
the values 0.4678, 0.2431, respectively.

0.478 - - - - - - 0.32
0.476- 03
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Figure 3. Matlab simulation figures of system (108) under the delay 6§ = 2.4 < 6, = 2.5. The
equilibrium point E(u1,, u2.) = E(0.4678,0.2431) holds locally asymptotically stable level.
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Figure 4. Matlab simulation figures of system (108) under the delay 0 =29 > 6, =2.5.
A cluster of periodic solutions (i.e., Hopf bifurcations) arise around the equilibrium point
E(uq,,up) = E(0.4678,0.2431).
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Figure 5. Matlab simulation figures of system (108) under the delay § = 2.25 < 6,9 = 2.32 The
equilibrium point E(u1,, up.) = E(0.4678,0.2431) holds locally asymptotically stable level.
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Figure 6. Matlab simulation figures of system (109) under the delay 6 = 2.39 > 6,9 = 2.32.

A cluster of periodic solutions (i.e., Hopf bifurcations) arise around the equilibrium point
E(u14, up.) = E(0.4678,0.2431).

Remark 5. It follows from the Matlab simulation results of Examples 7.1-7.3, one can know that
the bifurcation value of system (107) is equal to 2.22, the bifurcation value of system (108) is equal
to 2.5 and the bifurcation value of system (109) is equal to 2.32, which indicates that we can expand
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the domain of stability of system (107) and postpone the time of emergence of Hopf bifurcation of
system (107) via the formulated two hybrid delayed feedback controllers.

8. Conclusions

It is well known that the delayed dynamical model is a vital tool for describing the
interaction of different biological populations in the natural world. During the past decades,
a great deal of work on predator-prey models has been carried out and rich fruits on this
topic have been reported. In this paper, we propose a new delayed Lotka—Volterra commen-
sal symbiosis model. The existence and uniqueness, non-negativeness and boundedness of
the solution of the delayed Lotka-Volterra commensal symbiosis system are discussed. The
Hopf bifurcation issue is discussed. Sufficient conditions on the stability and bifurcation
of this model are obtained. The critical delay value 6y is acquired. In order to adjust the
domain of stability and the time of appearance of the bifurcation phenomenon of this
model, we have successfully designed two different hybrid delayed feedback controllers.
Two critical delay values 8y, 0, are acquired. In these two controllers, the role of delay is
displayed. The exploration fruits have great theoretical value in controlling and balancing
the densities of two species. By adjusting the delay value, we can delay or advance the
time of cycle motion of the two species. In addition, the exploration ideas can be used to
dominate the bifurcation phenomenon, stability and chaos in various fractional-order and
integer-order dynamical systems in numerous fields. In 2020, Zhu et al. [11] investigated
the partial survival, extinction and global attractivity of the positive equilibrium point of the
model (1). In this work, we introduce a delay into model (1) and obtain model (2). We have
dealt with the boundedness, existence and uniqueness of the solution, Hopf bifurcation
and its control problem of the formulated model (2). The research method of this paper is
different from that of Zhu et al. [11] and the gained results are entirely innovative. Based
on this point, we think that our studies replenish the work of Zhu et al. [11] to a certain
degree. From a biological point of view, we only consider the growth rates of the density of
the first and the second species depending on the same feedback time. In the future, we
will deal with the controlled models (48) and (50) involving two different delays.
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