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Abstract: Cauchy problems are considered for families of, generally speaking, non-Volterra functional
differential equations of the second order. For each family considered, in terms of the parameters
of this family, necessary and sufficient conditions for the unique solvability of the Cauchy problem
for all equations of the family are obtained. Such necessary and sufficient conditions are obtained
for the following four kinds of families: integral restrictions are imposed on positive and negative
functional operators, namely, operator norms are specified; pointwise restrictions are imposed on
positive and negative functional operators in the form of values of operators” actions on the unit
function; an integral constraint is imposed on a positive functional operator, a pointwise constraint is
imposed on a negative functional operator; a pointwise constraint is imposed on a positive functional
operator, an integral constraint is imposed on a negative functional operator. In all cases, effective
conditions for the solvability of the Cauchy problem for all equations of the family are obtained,
expressed through some inequalities regarding the parameters of the families. The set of parameters
of families of equations for which Cauchy problems are uniquely solvable can be easily calculated
approximately with any accuracy. The resulting solvability conditions improve the solvability
conditions following from the Banach contraction principle. An example of the Cauchy problem for
an equation with a coefficient changing sign is given. Taking into account various restrictions for
the positive and negative parts of functional operators allows us to significantly improve the known
solvability conditions.

Keywords: functional differential equations; boundary value problems; solvability conditions;
Cauchy problem

MSC: 34K06; 34K10

1. Preliminaries

The Cauchy problem for functional differential equations in the non-Volterra case [1]
(§2.2.3, p. 50) has been studied quite intensively in recent years [1-10]. We consider the
Cauchy problem for the linear second order functional differential equation

2(t) = (THx)(t) — (T~ x)(t) + (1),
x(0) = co,

tel0,1], (1)
X(O) =1, (2)

where the operators T*, T~ : C[0,1] — LI[0,1] are linear and positive, f € L[0,1], co,
c1 € R, C[0,1] and L[0, 1] are the spaces of all continuous and integrable functions equipped
with the standard norms respectively. An operator from C|0, 1] into L[0, 1] is called pos-
itive if it maps each non-negative function into an almost everywhere non-negative one.
Equalities and inequalities with integrable functions will be considered as equalities and
inequalities that are valid almost everywhere on the corresponding interval. Let AC![0,1]
be the Banach space of all functions x : [0,1] — R such that x and the derivative x are
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absolutely continuous on the interval [0,1] with the norm |[|x|[,c1 = [x(0)] + [%(0)| +

fol |%(s)| ds. We will say that a function x : [0,1] — R is a solution to problem (1) and (2)
if x € AC[0,1], x satisfies Equation (1) almost everywhere on [0, 1], and x satisfies initial
conditions (2).

In many results on solvability conditions for the Cauchy problem and other boundary
value problems for functional differential equations, some smallness conditions are imposed
on the positive part Tt and the negative part T~ of the functional operator T = T+ —
T~ (see [1,3,11-15]). Generally, the results are close to those obtained using the Banach
contraction principle.

Using one-sided a priori estimates, A. Lomtatidze and S. Mukhigulashvili [16-18]
managed to weaken the conditions on one of the operators T*, T~, guaranteeing the
unique solvability of some boundary value problems. Similar relaxations of the solvability
conditions were obtained by A. Lomtatidze, R. Hakl, B. Ptiza [19,20], A. Lomtatidze, R.
Hakl, E. Bravyi [21] for the Cauchy problem, J. Semr and R. Hakl [10,22,23] for the Cauchy
problem for systems of functional differential equations, and by R. Hakl, A. Lomtatidze,
S. Mukhigulashvili, B. Ptiza, for some other boundary value problems [16,24,25].

In these early works, integral restrictions were imposed on both functional operators
in the form of integral inequalities

/l(T+1)(s)ds<P+ /1(T_1)(s)ds<77_
0 I ) =

(see works on solvability conditions for the Cauchy problem [21] by A. Lomtatidze,
R. Hakl, E. Bravyi and [10,19,20], where the solvability conditions for the operator T~
were weakened and optimal solvability conditions for the Cauchy problem were obtained).
Later, pointwise restrictions

(TT1)(t) <PH, (T"1)(t)<P-, tel0,1],

for some given constants P*, P~ were imposed on both functional operators [26] and the
similar weaker solvability conditions on the operator T~ were obtained.

However, apparently, for arbitrary pointwise constraints, necessary and sufficient
solvability conditions for all equations in the family have not been obtained for a long time.
But it is pointwise restrictions that give the narrowest families of equations and, therefore,
the necessary and sufficient conditions for the solvability of the Cauchy problem for all
equations from these families give the strongest results. Only in the work [27] were various
types of pointwise constraints used to form families of equations.

Here we take a more general approach, using both types of constraints together (point
and integral), so we get a new class of solvability conditions. And the obtained necessary
and sufficient conditions for the solvability of the Cauchy problem for all equations from
these families will exceed the known results.

We define new families of functional operators using two types of restrictions, integral
for one from operators T+, T~ and pointwise restrictions for another operator. Then we
find the necessary and sufficient conditions for a unique solvability of the Cauchy problem
for all equations with operators from the chosen family. The obtained sufficient solvability
conditions are unimprovable in the following sense. If these conditions are violated, then there
exists an equation in the given family for which the Cauchy problem is not uniquely solvable.

All operators T" and T~ considered here will belong to some families of the operators
defined by pointwise and integral restrictions we impose on the functions T*1 and T™ 1,
where 1 (t) = 1 is the unit function.

Let non-negative functions p™, p~ € L[0, 1] and non-negative numbers P, P* be
given. Let us introduce the following kinds of restrictions on the functional operators T
and T™:

(T"1)() =p (), te 0], (TT1)(t)=p" (1), t€[01], 3)
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[T e e =P, (T10=pt0), re ) @

(OO =p 0 tel0r, [ (T)6)as=P", ©)
- gs=p-, [ (Tt ds =P+

/O( 1)(s)ds =P, /O( 1)(s)ds = P~ ©)

Note that only conditions (3) [27] (it corresponds to pointwise restrictions) and con-
ditions (6) [20-23,25,28,29] (corresponds to integral restrictions) were studied in earlier
works (primarily in the case of the first order equations). The author is almost unaware
of any works where mixed constraints (4) or (5) were used to obtain conditions for the
solvability of the Cauchy problem (the only exception is the work [30], published during
the preparation of this article).

Definition 1. We will say that Cauchy problem (1) and (2) possesses the property A;, i = 1,2,3,4,
if problem (1) and (2) is uniquely solvable for all positive linear operators T*, T~ : C[0,1] — L[0,1]
satisfying conditions (3), (4), (5), (6) respectively.

In the study of boundary value problems for functional differential equations, the
Fredholm property is often useful (see, for example, [1,3,31]). For the convenience of
readers, we will give a definition of the Fredholm property and show that the Cauchy
problem (1) and (2) possesses this property.

Below we present some information from [32]. Let X, Y be Banach spaces, and
F : X — Y a linear operator. The set of all solutions to the equation Fx = 0 is called
the null-space of the operator F. An operator F is called normal if the equation Fx =y
is solvable for those and only those y € Y for which g(y) = 0 for all solutions g of the
homogeneous adjoint equation F*g = 0, where F* : Y* — X* is the adjoint operator.
For the operator F to be normal, it is necessary and sufficient that the range of values of the
operator F be closed.

A normal operator is called Noetherian if it and its adjoint operator have null-spaces
of finite dimension. The difference between those dimensions is called the operator index.

A Noetherian operator of zero index is called a Fredholm operator.

For a Fredholm operator F, the Fredholm alternative [31,32] is valid. In particular, the
equation Fx = g is uniquely solvable for all g € Y if and only if the homogeneous equation
Fx = 0 has only the trivial solution.

For a bounded operator F to be Fredholm, it is necessary and sufficient that the
operator F be representable in the form F = W 4 V, where the linear bounded operator
W : X — Y is invertible, and the operator V : X — Y is completely continuous or
finite-dimensional (we will call an operator with a finite-dimensional domain of values
finite-dimensional). Thus, a finite-dimensional or completely continuous perturbation of
the operator does not affect the Fredholm property.

Cauchy problem (1) and (2) can be rewritten in the form of one equation [5] (p. 14).

(£, 0]x = {f,c},

where
(Lx)(t) = £(t) = ((TTx) (1) = (T x)(1)), t€[01],
¢x = col{x(0),%(0)} = col{cp,c1} =c.

the linear operator [£, £] acts from the space AC' [0, 1] into L[0,1] x R2.
Let us represent the operator F = [£, ¢] of the Cauchy problem (1) and (2) as

F=[5/{—[T"—T",0],
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where éx = X. Obviously, the operator
[6,0] : AC[0,1] — L[0,1] x R?

is invertible. Indeed, the Cauchy problem for the ordinary differential equation
¥=f, x(O) =co, x(0)=0

has a unique solution x( fo (t—s)f(s)ds+co+tcy, t €[0,1].

Here we consider dlfferences of hnear positive operators T*, T~ : C[0,1] — L[0,1].
Each such operator is bounded. Indeed, the norm of the linear operator T* — T~ : C[0,1] —
L[0, 1] is not greater than

[ nm + ) a,

where 1(t) =1, t € [0,1], is the unit function. Note that the norm of a positive operator
T+:CJ[0,1] — L[0,1] is equal to fol(T+1 )(t) dt.

Further, the space AC![0, 1] is compactly embedded into the space C[0, 1]. This can
be proved by direct application of the Arzela—Ascoli theorem [31] (p. 27). Consequently,
the bounded operator T* — T~ : C[0,1] — L0, 1] is compact as an operator acting from
the space AC![0,1] into the space L[0, 1]. Thus, the operator [T+ — T—,0] : AC![0,1] — R?
is compact. So, the operator [L, ¢] of the Cauchy problem (1) and (2) has the Fredholm
property and the following assertion is valid.

Lemma 1 (The Fredholm alternative). Cauchy problem (1) and (2) is uniquely solvable if and
only if the homogeneous problem

{ X(t) = (TTx)(t) — (T~ x)(t), te][0,1], @)
x(0) =0, x(0)=0,

has only the trivial solution.

The class of differences of linear positive operators from C[0,1] to L[0, 1] includes
operators with “deviated argument”:

t) €0,1],

) if hi(t)
t) ¢ 10,1],

(Tx)(t) = ir’i(f)xhi(t)/ tef01], x(t) = { o(lf;)(

where p; € L[0,1], h; : [0,1] — R are measurable functions, i = 1,...,m. These operators
can be taken as illustrative examples for all statements of the work.

Note, every linear positive operator T : C[0,1] — L[0, 1] has the representation [33]
(pp. 303-304) in the form of the Riemann-Stieltjes integral:

1
(Tx)(t):/o x(s)dsr(t,s), te[0,1],

where for each t € [0, 1] the function r(#, -) does not decrease, for each s € [0, 1] the function
r(-,s) is integrable on [0,1], r(1,-) — r(0,-) € L[0,1].

Remark 1. It is easy to see that all equalities in the definitions of properties A;, i = 1,2,3,4, can
be replaced by non-strict inequalities less than or equal to “<”.

Indeed, from the Fredholm property of the Cauchy problem (Lemma 1) it follows that it is
sufficient to consider the homogeneous Cauchy problems. Then the unique solvability is equivalent
to the absence of nontrivial solutions. If the problem does not possess some property in Definition 1,
then it does not have this property for all greater or equal parameters. This follows from the fact that
any additives in the form of a positive operator (Tox)(t) = q(t)x(0), t € [0,1], where q € L[0,1],
q(t) = 0, t € [0,1], preserve a nontrivial solution to the homogeneous problem.
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Our aim is to obtain necessary and sufficient conditions for the unique solvability of
the Cauchy problem for all equations of the family to be uniquely solvable, that is, we
search criteria for properties A;,i =1,2,3,4.

It should be emphasized that we consider generally speaking non-Volterra operators
T+, T, so the solvability of the Cauchy problem under natural assumptions is not guar-
anteed, unlike the Cauchy problem for ordinary differential equations. Note, the results
can be used in the study of applied, in particular, computational problems such as in, for
example [34,35]. The statements obtained in Theorems 1-4 improve all results known to
the author (see [10,19-23,28-30]).

The work is organized as follows. Section 2 presents the main results. Section 3 contains
a proof of Theorem 1. Section 4 contains proofs of Theorems 2 and 3 and Corollaries 1 and 2.
Theorem 4 and Corollary 3 is proved in Section 5. Section 6 provides an example illustrating
applications of Theorem 1. Section 7 discusses the results obtained.

2. Main Results

The main results are the following Theorems 1-4. In them we use the following notation

A_(ty,t3,p~ <1+/ (1-s)p ds)( /tl(tl —s)p~ (s) ds)—
/(1—5 ds/ot3 (t1 —s)p~(s)ds,
Belntapt) = (1= [ -opt@as) (1= [(a-9pti >ds)—

8)
[a-spres >ds/ (h=)p*(s)ds,
M (tutoptp) = [CA-9p s [t -G ds— [0 - pt(o)ds [0 )p(5)dst
t 1 51
[ @ds [ -s)ps)ds— [ -s)pt(s)ds [0 - (s)as
p(t)=p*(t)—p (1), [0,1]
K =1— /O (t—s)p(s)ds, te[01]
Theorem 1. Problem (1) and (2) has the property Ay if and only if

/(]l(l—s)p+(s)ds<l 9)

and the inequality
At ta,pT p ) =D (t,ta,p ) + A (t,ta, pt) + Ay (t1,ta,pT,p7)—1>0  (10)

holds for all t1 € [0,1], t3 € [0, t1].
If inequality (9) is fulfilled and inequality (10) holds with

b tk(1) —k(t)
7 k(@) —k(h)

forall ty € [0,1] such that t; > k(t1)/k(1), then problem (1) and (2) has the property A;.

Remark 2. In the conditions of Theorem 1, the equality Ay _(ty,t3,p™*, p~) = 0 holds if functions
p* and p~ are linearly dependent.
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Remark 3. The conditions of Theorem 1 impose much weaker restrictions on the function p~ than
the inequality (9) for the function p™. This result apparently cannot be obtained using the Banach
contraction principle or an estimate of the spectral radius of the corresponding operator.

Theorem 2. Problem (1) and (2) has the property Ay if and only if inequality (9) holds and

t3 4+ tp +
spT(s)ds+ t1—s s)ds
b min ( S U MO LR R0
0<tz<t <1

+

ti(1—t) ty

(1 — fg3(t1 —s)pt(s) ds) (1 - ftt; spt(s) ds% — f;(l —s)pt(s) ds)
? t(l—t)

Corollary 1 ([23] for p* =0, [30]). Let p™ be a non-negative constant. The property Ay holds if
and only if the following inequalities

pit Q- pt)2-pT(1-1t))
+2+\/ t1—1t) >

1
T<2, P < mi
P tg(ltl),rll) <t(1 —1)
are fulfilled.
Theorem 3. Problem (1) and (2) has the property As if and only if Pt < 1 and

A_(t,t -
Pt < min (t1,t3,p”)

0<tz<t <1 max{(t; + (1 — ) bfasp (s)ds),(1—t)(1 +tf1(t1 —s)p~(s)ds)}

Corollary 2. Let p~ be a non-negative constant. Then problem (1) and (2) has the property As if
and only if
p~€[0,27/2], PT<1,

or
) (16—p)(p +p (p —12))
e, S S e =)

Theorem 4. Problem (1) and (2) has the property Ay if and only if

1 1— P+t
<1, P < mi 24/ .
L & t%ﬂ)((l—t)t+ (1—t)t>

Corollary 3. If P = 0, then problem (1) and (2) has the property Ay if and only if P~ < 8.
Problem (1) and (2) has the property A4 for all Pt € [0,1] if and only if

V108 +12/69
p <5155 108+12\/@+327+\@ '
373 27 + V69 108 + 12v/69

3. Proof of Theorem 1

Let us present the proof in the form of a sequence of auxiliary statements.

First of all, Cauchy problem (1) and (2) has the Fredholm property and the Fredholm al-
ternative is valid (Lemma 1). Consideration of the homogeneous problem (7) can be reduced
to the study of the Cauchy problem for simpler equations using the following lemma.




Mathematics 2023, 11, 4980 7 of 18
Lemma 2. Problem (1) and (2) has the property A; if and only if the Cauchy problem
(1) = pr(0x(t) + pa()x(t), 1€ (0,1, a
x(0) =0, x%(0)=0,
has only the trivial solution for all points tq, ty such that
0<th <t <1, (12)
and for all functions p1, p2 € L[0,1] such that
+p TH)y—p (1), telo1],
pr(t) +pa(t) = p™ (1) —p~(t) [0,1] 13)

-r Sp,()\p_'_(t), tE[O,l], i=12

Proof of Lemma 2. Suppose problem (1) and (2) does not possess the property .A;. Then some
homogeneous problem (7) has a non-trivial solution y. Let s be a point of the minimum of the
solution y on the interval [0, 1], s a point of the maximum of y. We have y(s1) < y(t) < y(s2),
t € [0,1], therefore,

y(s)p™ (1) = y(s1)(TT1)() < (TTy)(t) S y(s2)(TT1)(1) = y(s2)p™ (1), te0,1],
y(s1)p™ (8) = y(s)(T"1)(t) < (T7y)(t) <y(s2)(T71)(t) = y(s2)p™ (1), te[01].
Thus,
pr(ty(s1) —p~x(s2) < (TTy)(H) — (T~
pr(y(s2) —p~ (Hy(s1),
and there exists a measurable function ¢ : [0,1] — [0, 1] such that
(Ty)(t) = (p* () y(tr) — p~ () y(t2))G () +
(pT () y(t) —p~ (Hy(t))(1-E(t), te[01]
So,

(TTy) (1) = (T~ y)(t) = pr(D)y(s1) + pay(s2), te€[0,1],
where

pi(t) =pT () —p () (1=2(1)),
pa(t) =p () (1 =E(1) —p () E(t), te[01].

We can put f1 = min{sy, s}, tp = max{sy, sz }.

Conversely, let problem (11) under conditions (12) and (13) have a non-trivial solution.
Then there exists a measurable function ¢ : [0,1] — [0,1] such that p; = ¢p™ — (1 —
&p~,p2=(1-¢&)p" —&p . Therefore, problem (7) has the same solution for the linear
positive operators

Trx=¢gp'x(t)+(1-0p'x(k), T x=Q1-¢)p x(t)+3p x(t2),

for which we have T*1 = p*, T~1 = p~. Thus, problem (1) and (2) does not possess the
property A;. O

For the subsequent Lemma 7 we will need a strengthened formulation following from
the proof of Lemma 2.
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Lemma 3. Problem (1) and (2) has the property A, if and only if for all points t1, t, and all
for functions p1, py satisfying conditions (12) and (13) Cauchy problem (11) has no non-trivial
solutions y such that

y(h) = min y(t), y(t2) = max y(t)

Proof of Lemma 3. The statement follows from the proof of Lemma 2, which shows that if
there is a nontrivial solution to problem (1) and (2), then there are points t;, t; for which
problem (11) has a nontrivial solution for some p1, p, satisfying (13). Moreover, point t;
can be chosen as the minimum point of this non-trivial solution, and point ¢, can be chosen
as the maximum point. [

Now we need to be able to solve problem (11). The following notation will be convenient
1
G(t,s) = max{t — 5,0}, tse[0,1; Ggz= / G(t;,s)z(s)ds, zeL[0,1];
J0
ki=1-Gip, i=12 guup(s)=Glty,s)ky —G(t,s)ky, s€[0,1].

Note that k; = k(t;), i = 1,2 and G(t,s) is the Cauchy function of the problem

i(t)=f(t), telo1],
{ x(0) =0, %(0)=0. (14)

Lemma 4. Cauchy problem (11) has only the trivial solution for all points tq, to and all functions
p1, p2 € L0, 1] satisfying conditions (12) and (13) if and only if

1-Gipr 1-Gyp

A(tll t2/p1) = ‘ —G2P1 1— GzP

1
‘ =1—-Gyp —i—/o p1(s)8utrp(s)ds #0  (15)
forall t1, tp and all functions py € L[0, 1] such that

0<SH<h<L —p ()<p(t)<p™(t), telol]. (16)

Proof of Lemma 4. Applying the Cauchy operator of problem (14) to the functional differ-
ential equation of problem (11), we obtain an equation equivalent to problem (11):

1 1
x(t):/o c(t,s)pl(s)dsx(t1)+/o G(t,s)pa(s) dsx(t2), e [0,1].

It is easy to see that this equation has no non-trivial solutions if and only if the following
determinant is non-zero:

‘ 1-Gipr —Gip2
-Gy 1-Gopo

:‘1—G1p1 1—G1p

= A(ty, to, 0.
—Gopr 1—Gap ‘ (t 12, p1) #

O

Next, we can clarify the sign in inequality (15).

Lemma 5. Inequality (15) holds for all points t1, t, and all functions py € L[0,1] satisfying
conditions (16) if and only if
A(fl,fz,pl) >0 (17)

forall t1, tp, p1 € L0, 1] satisfying conditions (16).
Remark 4. In particular, it follows from Lemmas 2, 4 and 5 that if problem (1) and (2) has the

property Ay, then
k(t) >0, tel0,1].
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To prove this it is enough to put p; = 0 in Lemma 5.

Proof of Lemma 5. The functional A(ty, tp, p1) is continuous. The values t; = 0, £, = 0,
p1 = 0 satisfy condition (16). For these values we have A(0,0,0) = 1. The statement of
Lemma 5 now follows from Lemma 4 and the path-connectedness of the set of parameters
satisfying conditions (16). O

We can refine Lemma 5 by finding an explicit form of the function p; that minimizes
the value of A(ty, tp, p1).

Lemma 6. Inequality (17) holds for all points t1, t, and all functions py € L[0,1] satisfying
condition (16) if and only if

1
/ (1—s)pT(s)ds <1, (18)
0
and , .
3
1=Gopt [ P ©)guanp(s)ds = [ 1 (5)gnanp(s)ds > 0 (19)
3
forall 0 <ty < tp < 1such that t)k(t1) — t1k(t2) < 0, where
. t1ko — t — bk

Proof of Lemma 6. Check when inequality (17) holds for all functions p; satisfying (16).
For this, we find a function p; that minimizes A in (17) for fixed t; and f;. This is the

function .
~ 7p_ (S)’ s € Etl ty p’
1(8) = _ e (21)
Ps) { pt(s), se€ Ei o pr
where Ej = {s:8n,6,p(s) <0}, Ep ., ={s:8nnp(s) >0}
Let us construct these sets. For 0 < #; < tp < 1, we have
0, se [tz, 1]
Shhp(s) =4 (k—s)ki, s€lt,t], (22)
(tp —8)ky — (t1 — 8)kp, s € {0, tl]'

It follows from Remark 4 that k; > 0 and k; > 0 if inequality (17) is fulfilled for all
parameters satisfying (16). Therefore,

E+

ty,

_ | ©, tki—tky =0, ~ [ 01], tki—tky >0,
byp ™ [0, t3), tzkl — flkz <0, butap [t3, 1], tzkl — tlkz <0,

where t3 is defined by (20), and t3 € (0, t1) if tokq — t1ko < 0.
Consider the case
thk1 — t1ko > 0.

Then the minimizing function p; is equal to —p~ (in particular, if t| = 0, toky — t1ky = tp > 0).

Then we get
Aty ta,—p7 ) =1=Gopt +Gop™ —Gop (1= Gip" +Gip™ )+ Gip (1= Gop™ + Gop™) = (23)
(1 — G2p+)(1 + Glpi) + G2p7G1p+,
and
A0, ty, —p ) =1-Gop™. (24)

It follows from (24) that inequality (18) is necessary. Since Gip~ > 0, Gop~ >0, Gip™ >0,
it follows from (23) and (24) that inequality (18) is sufficient for the inequality (17) to be
satisfied under condition (16).
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Consider the case tyk; — t1ky < 0. Then EI,tz,p = [0,t3], where t3 € (0,t;) is de-
fined by (20). Calculating A(t1, t5, p1) in the inequality (17) with p; = p1, we obtain the
inequality (19).

Thus, inequalities (18) and (19) are equivalent to the fulfillment of inequality (17) for
all parameters satisfying (16). O

Lemma 7. Condition (17) of Lemma 5 and condition (19) of Lemma 6 need only be checked for
th =1.

Proof of Lemma 7. Suppose A(ty,t, p1) = 0 for some 0 < t; < tp < 1. Then by Lemma 3,
for some p1, py satisfying condition (13) the problem (11) has a solution x that takes its
minimum (nonpositive) value at the point ¢; and taking its maximum (non-negative) value
at the point t,. Consider the Cauchy problem

() = { p1()x(t) + p2(t)X(t2), te€[0,t2],
)Z(0) + pt(HX(t2), tE€ [t 1], 25)

It is obvious that this problem also has a non-trivial solution x such that

R F R e

Moreover, problem (25) is a problem (7) for some linear positive operators T", T~
C[0,1] — L satisfying conditions (3). Thus, from the assumption that in the family of
problems (7) under conditions (3) there is a problem with a non-trivial solution we con-
clude that in this family there is a problem with a non-trivial solution that takes a maximum
value at the point ¢ = 1. Therefore, in both Lemmas 5 and 6 we can putt; =1. O

Now we get a statement in which to check the property A; we need to minimize
the function quadratic with respect to p™ and p™— on the triangle 0 < t3 < #; < 1.
Checking the conditions of this statement for families of functions p™, p~ may turn out to
be simpler due to the simple dependence of the minimized function on p™*, p~.

Lemma 8. Cauchy problem (1) and (2) possesses the property A; if and only if for all 0 < t3 <
ty < 1 the inequality

ts 1
1=Gop+ [ 1t ()g1p(&)ds = [ p~(5)g,1,(5) ds >0
3
holds.

Proof of Lemma 8. By Lemma 7, put t; = 1 in Lemma 6. In this lemma, any choice of ¢3
other than the value specified by (20) corresponds to a function p; # p; from (21), and
therefore does not reduce the value of A in inequality (17). Therefore, it is equivalent to
checking inequality (19) for all £3. [

Using Lemma 7 and substituting g;, 1, from (22) into the conditions of Lemmas 6 and 8,
we obtain the conditions of Theorem 1.

4. Proof of Theorems 2, 3 and Corollaries 1, 2

We use Theorem 1 and find out when its conditions are satisfied for given non-negative
pT € L[0,1] and all non-negative p~ € L[0,1] from the family of functions defined by
condition (4), as well for some non-negative p~ € L[0, 1] and all non-negative p™ € L0, 1]
from the family of functions defined by condition (5).

To do this, we consider expression (10) for the quantity A = A(ty,t3,p™, p~), which
for unique solvability of (1) and (2) must be positive for all t; € [0,1], t3 € [0,#1].
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For fixed sets ET = [0,#3], E~ = [t3,1], and for all points #;, t3,0 < t3 < t; < 1, the
value of A depends on each of the restrictions p™*|g+, p* |-, p7|g+, P~ |g- linearly and
continuously. Thus, its greatest lower bound over all sets of admissible p*, p~ with given
integrals on these sets is

/E+ pt(s)ds = PI, /E+ p~(s)ds =P, /E* pT(s)ds = PT, [E* p~(s)ds =P,

A accepts if each of the functions p™ and p~ is “concentrated” at two points: pT in t] € ET
andt’ € E7;p tot; € Etandt_ € E™.
In particular, from representation (10), we obtain

A=C_ + /E+ p~(s)r(s)ds,

where r(s) = G(1,5)A; + G(t1,5)B, s € [0,1], for some constants A, B_, C € R that
do not depend on p~|g+. Therefore,

inf A=C+Pr(ty),
g fps pm(s) ds=P; A

where the point t; € ET is the minimum point: mingc g+ 7(s) = r(t; ). The function r is
linear on E™, hence ¢} can only be at the ends of the segment [0, 3], that is

ty € {0, t3}.

Find t_ € E™. From representation (10) we get

A=CZ+ . p~(s)q(s)ds,

where
q(s) = G(1,5)AZ + G(t1,5)BZ

:—/ i’l, d5+/ tl, )dS,

,—1+/ ds—/iG(l,s);ﬁ(s)ds.
The function q is linear on [t3,#] and on [t1,1], therefore, t= € {t3,t1,1}. IftZ =1,
then [, p~(s)q(s)ds = 0. But we can get this value taklng P =0, therefore we may
not con51der this point. Further, since (9), we have j(s) = —(1 — ft )1 —1)dTt +
:31 pT(t)(ty —T)dt) + (1 —t1) 0t3 p~(t)dt) < Ofors € [tg, t]. Therefore, we need
consider only the case t~ = t;. Similar arguments show that t* = {t3,t;},tT = 0. In all

these cases, the infimum of A is not achieved on integrable functions p™, p~.
Therefore, we obtain the following statements.

Lemma 9. Problem (1) and (2) has the property A, if and only if inequality (9) is fulfilled and the
inequality

Ay = Ay ta,pt) + (1= £)PL — (1 0)PZ(h — 1) Py +
/;3(1 —s)pT(s)ds(ty —t7 )P — /Ot3(t1 —s)pt(s)ds(1—t7)PL+ 26)

[t =op e ast - )P >0

3

holds forall t1, t3,0 <t3 <t <1, Py >20,P- 20, P, +P_ <P, t; € {0,t3}.
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Lemma 10. Problem (1) and (2) has the property As if and only if P* < 1 and the inequality

A= (1-uPHA-A—tH)PH) —PIPL(H —t5) +A_(t,t3,p7) — 1+

P [t s —nPp [T -s)p (o) dst -
(b — t+)P* /t'1(1 —8)p(s)ds — (1 — tH)P* /t'“(t1 —8)p(s)ds =0

holds forall t1, 3,0 < t3 <ty < 1, PL >0, PL >0, PL + PH < P, tF € {t5,1}.

When we minimize A; in (26), it is easy to show that it suffices to consider only the
case t; = 0. Note that A, defined by (8), is positive for t3 € [0, t1] if inequality (9) holds.
If P, =0,then Ay > 0. For P, = P~ — P_, minimizing A, with respect to the quadratic
variable P_ gives us the minimum of A; as a quadratic function of P~. From the condition
min Ay > 0 we obtain the assertion of Theorem 2.

Now we prove Corollary 1. Let the conditions of Theorem 2 be fulfilled and p™ be
constant. Inequality (9) means that p* < 2. The second condition of Theorem 2 gives the
following inequality
1 pt

SN S A N2, 2
P \t1(1—t1)+2t1((t1 t3) +t3)+

¢hﬂaf0&_pﬂﬁ_(h_%VKZ_VWU?Jalzh*%1—hVDEi*

forallt; € (0,1),t3 € [0,#1].
It is obvious that for p™ = 0 the statement of the corollary is true. Let p* > 0. We have

& = i 25—t — (P+(1 - t1)(3f1t§ + t1t3 — Zi’g — t%) + 2(,{% _ fg))
woh \/(1 — )2+ pt5—2pThts)(pt(1—t)(55 — t) +24)

The function ag% has zeros at the points

prhl—h) =2t —\/h(1—t)2—pt(1-1))2-p*H)
prti(1—1)%2 — 4t +2

f31 =h

7

prh(l—h) =2t +\/h(1-t)2—pt(1-h))2-p*H)

tsp =t )
2= Tt (1— )2 — 4t +2
1-24
tyg=1/24 —— =L
prt(l—t)

The point t3; is the minimum point of P~ on the interval t3 € [0, #1]. After substituting
t3 = t37 into the function P~ we obtain Corollary 1 (which was also obtained in [30] in
another way).

Now let us finish the proof of Theorem 3. When we minimize A3 in (27) with respect
to P and P, we reduce the problem to minimization of the quadratic function —(P)? +
R1(P¥) + Ro with respect to P € [0, PT] for some constants Ry, R, € R. Therefore, the
minimum is taken at P{ = 0 or PT = PT. So, we have to consider the following cases:
O PL=0Pr =Pt tf =t (i) P{ =0, PL =P, tF =ty; (iii) PT =0, PL =P, As
does not depend on 7. It is easy to show that if the minimum of Aj; is negative in the case
(i), then the minimum of A3 is negative in the case (ii). So, it suffices to consider the cases
(ii) and (iii). Here the dependence on P is linear. This gives us Theorem 3.
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min Pt (4) =

t€(0,1)

Let us prove Corollary 2. Let the conditions of Theorem 3 be fulfilled and p~ = m be
constant. Then the minimum of Aj is taken for the case (ii). In this case Theorem 3 gives
the following solvability conditions

m?t3(1— ty)(t1ts — 281 + t3) + 2m(t3 —2t1t3 +265) +4

Pt<1, PT< =pt
(1—t1)(m(t; —t3)2 +2)

forallt) € (0, 1), t3 € [0, tl]. _
Ifm < 1‘1(1%&)’ then for t3 € [0,#] the function P takes its minimum at t3 = 0. Then

D+ _1

Let now m > ik Then the function P takes its minimum at t3 = t; — ﬁ >

4(1 i
0. In this case, we have
ty (mt3 —mty +4)m

4

Pt(h) =
Minimizing this expression with respect to t;, we conclude that if m < 12, then P+ (t;) > 1.

If m > 12, then P takes its minimum at t; = 3 + ¥YE S (n712) e get

(m+ /m(m—12))(24 —m — m(m—12))_(16—p’)(p*+ p~(p~ —12))

108 34— p+/p (p —12))

Moreover, m(in : P+ (t1) < 1if and only if m > 27/2. This implies Corollary 2.
t1€(0,1
5. Proof of Theorem 4 and Corollary 3

We use Theorem 1 and with the help of Theorems 2 and 3 find conditions of positivity
of A = A(ty, t3,p™, p~) from inequality (10) for all non-negative functions p*, p~ € L[0,1]
such that

1 1
/Op*(t)dt:P’, /Op+(t)dt=7>+, P <. (28)

Let
t 1
P = /03;9*(5)115, Po= [ ps)ds, PL4+Po =P (29)
3

It follows from the proof of Theorem 2 that under condition (29) when calculating the
inﬁmum of A, we should set [;° p 5y (s)w(s) ds equal to P, w(0) or P w(t3), and the value
f b s) ds equal to P~ w(t1) for any coefficients w.

Also, 1t follows from the proof of Theorem 3 that when we calculate the infimum of

A with respect to the functions p™ satisfying condition (28) we should set fol pT(s)w(s)ds
equal to PTw(0) or Ptw(t;) for all coefficients w.
Now it follows from Theorem 1, that in the first case (when fol pr(s)w(s)ds =
P+w(0)) we have
A=A —PHt+PL(1—t)t]),

in the latter case (when fol pT(s)w(s)ds = PTw(t;)) we have
A=A_—-PH(1-1t),
where t € {0,t3} and
A =1+P (1-t7)=P-(1—-t)Py(t —t]).

By Theorems 2 and 3, we have to verify the inequality A > 0 for t, = 0 and t| = t3.
If t = t3, then A depends on t3 € [0, t1] linearly, therefore, we have to verify A > 0 for
t. =0and t, =t.
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If t = ty, then A > 0. Consider the case t, = 0. Then we have
A=1+P; —P-P (1 —t)) — P max{t;,1—t}.
If P~ =0,then A =1+P, — P max{t;,1 -t} > 0.
If P~ =P~ —P,, then
A= (PD)*A—t)t—Pr(1—=Pt;(1—t1)) +1— P max{t;,1—t;}.
With respect to the variable P the function A takes the minimum value at
P = aih)
This value belongs to [0, P~ ] if and only if
P (1-t)th =21 (30)
Otherwise A takes its minimum value on P, € [0,P"] at P, = 0: minA = 1 —

Pt max{t;,1—t} >0,since PT < 1.
If inequality (30) holds, then

(P~ (1—t)t —1)2

L
mn 41—tk

+1—P" " max{t;,1—t1}.

It is obvious that min A > 0 means

_ 1 1—P*tmax{t;,1 -t}
P < +2 .
(1-t)h \/ (1-t)h

This implies Theorem 4. The minimum under the conditions of Theorem 4 can be
calculated for P = 0 and P* = 1. This gives Corollary 3.

6. Example

We present an example that illustrates the application of Theorems 1 and 2 and
shows that the solvability conditions obtained using Theorem 1 significantly improve the
conditions obtained using the Banach contraction principle.

Let constants £y € [0,1], 2 € R be given. Define the non-negative functions p*,
p~ :[0,1] — [0, 400):

pt(t) = max{a(t — t),0}, p~(t) = —min{a(t —t),0}.

Then p(t) = pT(t) — p~ (t) = a(t — ty), t € [0,1]. Therefore, if Cauchy problem (1) and (2)
possesses the property Az, then the Cauchy problem

#(t) = a(t —to)x(h(t)) + f(t), t€0,1],
{ x(0) = co, 560(0) =cy, (31)

is uniquely solvable for all measurable functions & : [0,1] — [0, 1]. If problem (1) and (2)
does not possesses the property .Aj, then there exists a measurable function /2 : [0,1] — [0, 1]
such that problem (31) is not uniquely solvable.

It should be noted that the application of the Banach contraction principle to this
problem gives the following result: Cauchy problem (31) is uniquely solvable if

1
|a|/ (1—s)|s — fo| ds < 1,
0
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thatis
6

(1—t9)3+13(3—tg)

This solvability condition will be significantly improved by the following condition (33).
Condition (32) coincides with condition (33) only in two cases (when the coefficient p(t) is
non-negative, that is, for tgp = 0, a > 0 and for ¢y = 1, a <0 (see Figure 1)). In other cases,
condition (33) is much weaker, than (32), moreover, the constants in (33) are unimprovable.

Direct verification of the conditions of Theorem 1 makes it possible to obtain necessary
and sufficient conditions for the constants to and 2 under which inequality (10) is satisfied
forall 0 < t3 < #; < 1. We find that for such p*, p~ by Theorem 1 problem (1) and (2)
enjoys the property A; if and only if

ja <

(32)

—A"(tp) <a< AT (ty), (33)

where the functions A=, A" are defined by equalities (see Figure 1)

6/(1—tg)3 for tg € [0,t*],

A+(t0) = 3(q1++/ q%+472) for to € (t* 1]
qz 7 7

0<tz<t <ty
t* is a unique real solution of the equation (3tg — 1)2/4 = (1 —ty)® (t* ~ 0.54),
g1 = (to—t1)® —3(1 —t1)(to — t3)* +3tp — 1,
2 = (3 — to — 2t3) (tg — £3)*(3tg — t1) — (3t — 1) (t1 — £3)*(3tg — 1 — 2t3);

3(r1—+/r7—4
{ Y ST ) m} for to € [0,t.),

min
Ai(to) = to<tz<ty <1 2
6
m fOr t() S [t*,l],

t. is a unique solution of the equation t3(3 —tg) =2 — 3ty  (t. ~ 0.47),

ri = (3t — 1) +3(to — t3)*(t1 — 1)) /6,
1y = (tl(to + 2t3)(3t0 — tl) + (3t1 —ty — 2t3)(1 +t — 3t0))(t0 — fg)z(tl — 1)/36.

20

-2004

Figure 1. The graphs of the functions —A~ and A™ (33) are indicated in green, the solvability bounds
(32) obtained using the Banach’s principle are indicated in red.
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If the parameter a satisfies the inequality (33), then Cauchy problem (31) is uniquely
solvable for all measurable deviations of the argument 4 : [0,1] — [0, 1]. If the condition
(33) is not satisfied, then there is a measurable function / : [0,1] — [0, 1] such that Cauchy
problem (31) is not uniquely solvable.

It follows that, for ty € [1/5,t*], problem (1) and (2) possesses property A; if and

only if
aec | — 6 6
t5(3—1ty) (1—1t0)3 )

In particular, if f) = 1/2, then the inequality — 4 < a < 48 is necessary and sufficient for
problem (1) and (2) to enjoy property A;. Thus, for b € L[0, 1] the Cauchy problem

#(t) = b(t)(t—1/2)x(h(t)) + £(), te[0,1],
{X(0)=CO, 2(0) = cq, (34)

is uniquely solvable for all measurable  : [0,1] — [0,1] if
0< b(t) <48, b(t) # 48,

or
—48/5 < b(t) <0, b(t) £ —48/5,

and the constants 48 and 48/5 cannot be increased.
Let us apply Theorem 2 to the Cauchy problem

{ (1) = b(t)(t—1/2)x(h(t)) —d(t)x(g(t)) + f(), te[01], (35)
x(0) =co, #(0) =cy,

where b(t) = 0fort € [0,1/2],b(t) > 0for t € (1/2,1],d(t) > 0 for all t € [0,1]. So, here
we have not changed the operator T from Cauchy problem (34), but consider an arbitrary
operator T~. Application of Theorem 2 gives the following solvability condition: the
Cauchy problem (35) is uniquely solvable for all measurable functions &, g : [0,1] — [0,1]
if sup b(t) <48,b(t) #48fort € [1/2,1], and

te[1/2,]

) \l sup b(t)
te[1/2,1]
<4+4+4\1— ———
/0 d(t)dt <4+ s

For sup b(t) = 48, we have the solvability condition fol d(t)dt < 4, which is
te[1/2,1]
expected to be significantly less than 48 fol /2 (1/2 —s) ds = 6 from the solvability conditions
of problem (34). This is explained by the fact that when considering problem (35) we
imposed not pointwise restrictions on the operator T~, but weaker integral restrictions. All
constants in these solvability conditions cannot be increased.

7. Discussion

In this paper we have presented a new class of sufficient conditions for the unique
solvability of the Cauchy problem for linear functional differential equations. These con-
ditions are necessary conditions for the unique solvability of the Cauchy problem for all
equations from a certain family. We use a new kind of family, when we impose different
restrictions on linear operators in functional differential equation.

The obtained solvability conditions improve all known ones. They are unimprovable
in the sense that if they are not satisfied, then in the considered family of equations given
by relations (3)-(6), there exists an equation for which the Cauchy problem is not uniquely
solvable.
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We consider only linear functional differential equations, but generalizations to non-
linear equations with Lipschitz nonlinearities are possible and do not encounter funda-
mental difficulties. Natural generalizations of the results obtained to other boundary value
problems and functional differential equations with continuous and discrete time are also
possible. Moreover, the obtained results can be extended to fractional differential equations
(see, for example, [36], where a method close to ours and to the method of the books [1,5]
was used). The proposed methodology in the paper can be used for real problems (such as
described in [37]).
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