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Abstract: In this paper, we concentrate on the propagation dynamics of stochastic reaction—diffusion
equations, including the existence of travelling wave solution and asymptotic wave speed. Based on
the stochastic Feynman—Kac formula and comparison principle, the boundedness of the solution of
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sub-solution to estimate the upper bound and the lower bound of wave speed.
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1. Introduction

In the current paper, we focus on stochastic reaction—diffusion equations driven by
Gaussian noise

du = [Au+ ucy(u,v)|dt + eudWy,
dv = [Av + vep(u,v)|dt + evdW, (1)
u(0,x) = up(x),v(0,x) = vo(x),

where 1y and vy as initial data are both Heaviside functions. In this paper, it always
holds that

(H1) 0 < 20lw0) < g 0 < 22lun)

(H2) ¢1(u,v) is decreasing for u, c1(u,0) < ¢1(0,0), and c1(1,0) < 0 for u > 1;c5(u,v) is
decreasing for v, c3(0,v) < ¢2(0,0), and ¢(0,v) < 0 for v > %,‘

(H3) There exists « > B > aforany ¢ > 0, u > 0 and v > 0; it holds that B¢ < ¢1(u,v) —
Cl(u + 6/0) < ag, :Bg < CZ(M/U) - C2(Ll,?)—|— (:) < ag;

(H4) ¢;(0,0) > 2€2,i =1,2.

In general, (H1) and (H2) imply that System (1) is cooperative, so its corresponding
dynamical system is monotonic and a comparison method can be used in this system.
(H4) ensures the noise is moderate, otherwise the solution of Equation (1) tends to zero as
t — oo.

Under conditions (H1)-(H4), System (1) poses an only positive stable equilibrium
denoted by (p1, p2). If c1(u,v) = c1(1,0), c2(u,v) = c2(0,v), Zhao and Dksendal [1] inves-
tigated the pathwise property and ergodicity of a stochastic reaction—diffusion equation in
a scalar scale under conditions (H2)-(H4),
du(t,x) = [Buxx(t, x) 4+ c(u(t, x))u(t, x))dt + k(t)u(t, x)dWy, )

u(0,x) = up(x).
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Inspired by Benth and Gjessing [2], they successfully obtained the stochastic Feynman—
Kac formula by constructing exponential martingale and revealed that the existence of a
travelling wave solution and its asymptotic wave speed depend on the strength of noise.

In detail, if hm 1nf fo k?(s)ds > cy = c(0) and the noise is strong, the solution to Equation (2)

almost surely tends to zero. If fo k?(s)ds < co and the noise is weak, the travelling wave
solution of Equation (2) converges to the travelling wave solution of deterministic reaction—

diffusion equation. Moreover, if ko = tlim fot k?(s)ds exist and the noise is moderate,
—00

the wavefront marker is x = /D(2¢q — 2keo )t.
If € = 0, Freidlin [3] studied the asymptotic behavior of the Cauchy problem under
conditions (H1)—(H3),

L

5% = % + c11(u, 0)u(t, x) + c1p0(t, x),
% = DT—Z + c21(u,v)v £ x) + cpu(t, x), (3)
u(0,x) = g1(x),v(0,x) = g2(x).

Until now, many papers have been concerned with stochastic travelling wave solutions
in the scalar equation. Zhao [4] studied the wave speed of a stochastic KPP equation
driven by white noise. Huang and Wang [5-9] investigated the asymptotic behavior of
a stochastic reaction—diffusion equation driven by various noises. Indeed, a way to deal
with the coupling terms is the crux in the research of travelling wave solution of stochastic
reaction—diffusion equations. In this paper, with monotonic random dynamical system
theory and comparison principle, the boundedness of solution to Equation (1) is obtained
and used to construct a sup-solution and a sub-solution under conditions (H1)-(H4). Hence,
via the SCP (Support Compactness Propagation) property proposed by Shiga [10] and two
sufficient conditions proposed by Tribe [11], the existence of a travelling wave solution can
be obtained. Again, with the boundedness of solution, we can estimate the upper bound
and the lower bound of wave speed by a sup-solution and a sub-solution, respectively.

Throughout this paper, we set () as the space of temper distributions, F as the o-
algebra on ), and (Q), F,P) as the white noise probability space. We denote by E the
expectation with respect to P. We denote by ¢ (x) = exp(—A|x|). Here are some notations:

*  Djpe) = {¢: R — [0,00),¢ is right continuous and decreasing, ¢—o = xlgrolo ¢(x) exists};
* Dy ={¢:R—[0,1],¢is right continuous and decreasing};

* D={¢peDpy:¢p(—) =1, ¢(c0) =0};
e Ct=f|f:R—[0,00)and fis continuous;

o Iflla= sgg(lf(x)%(x)l);

* Ci=feCt|fis continuous,and |f(x)py(x)| — 0 asx — Foo;

. Cr = nCcCt;
tem = oA
. Cg[o,l] = {f|f : R — [0,1]} is the space of nonnegative functions with compact
support;

e ®=f:||[f||x < oo forsome A < 0is the space of functions with exponential decay;
e Ry(t) =sup{x € R:u(t,x) > 0} is the wavefront marker.

Lemma 1 ([11]). A set K C C; is called relatively compact if and only if

(a) K is equicontinuous on a compact set;
(b) hm sup sup | f(x)e M| = 0.

R=e0 rck|x|>R

Lemma 2 ([11]). K C C;©
all A > 0.

o 15 (relatively) compact if and only if it is (relatively) compact in C for
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Lemma 3 ([11] (Kolmogorov tightness criterion)). For C < c0,6 > 0,y < A,v > 0,
we define

K(C,0,7, 1) = {f: If(x) = f(x')] < Clx —x'|7e" forall |x — x| < 6},

then, with the above conditions, we know that K(C,8,v, ) N{f : [ f(x)¢1dx < a} is compact
in C;\“, where a is a constant.

(1) If {Xu(-)} are Cy-valued processes, with { [ Xu¢r1dx} tight and there are Cy < oo, p >
0,7 >1,u < Asuchthat foralln > 1, |x —y| <1,

E(| X (x) = Xa(y)|?) < Colx —y[7e P,

then { X, } are tight.

(2)  Similarly, if { X, } are C([0, T], C;\ )-valued processes, with { [ X, (0)p1dx} tight, and there
are Cy < oo,p > 0,7y > 2,u < Asuch that foralln > 1,|x —y| < 1,[t—¥| < 1,¢,
t'e0,T],

E(|Xu(x,t) = Xau(y,)|P) < Collx = y|” + [t = #|7)el?,
then { X, } are tight.

2. Asymptotic Behavior of a Travelling Wave Solution

At the beginning of our work, we offer the definition of stochastic travelling wave
solution in law. Djy, values are equipped with the Lllo ¢(R) metric, Dy) and D are
measurable subsets of Djg ), and the three spaces are all Polish spaces and are compact.
We consider a stochastic reaction—diffusion equation with a Heaviside function as follows:

{du = [Au+ f(u)]dt + eudWy, @

u(0,x) = ugp(x).
Definition 1. A stochastic travelling wave solution is a solution to u = (u(t) : t > 0) to
Equation (4) with values in D and for which the centered process (i = u(t,- + Ro(t)) : t > 0) isa

stationary process with respect to time, and the law of a stochastic travelling wave solution is the
law of 1(0) on D.

We denote by Y = (u,0)T and F(Y) = (F(Y), F(Y)) = (uci(u,v),vc2(u,v))7; then,

Equation (1) can be rewritten as

{dY = [AY + F(Y)]dt 4 eYdW;, )

Y(0,x) = (uo(x),vo(x))T.

Lemma 4. For any Heaviside functions ug and vg as initial data, for, a.e., w € Q), there exists a
unique solution to Equation (5) in law with the form

Y(tx) = /RG(t,x,y)YOdy

R t

+ / / G(t —s,x,y)F(Y)dsdy + e/ / G(t—s,x,y)YdWsdy,
0 JR 0 JR

where G(t, x,y) is the Green function.

Proof. We denote by Y" = (u",v™)7, since ¢; (u,v) and 5 (1, v) are Lipschitz continuous, per-
form some truncations and let F,(Y") = ((u" A v/n)e1(u* A /n, 0" A /), (0" A /n)ep(u™ A



Mathematics 2024, 12, 1284

40f13

V/n,0" A y/n)); then, F,(Y") is Lipschitz continuous. Hereto, the truncated Equation (7) can
be constructed:

{dY" = [AY" + F,(Y™))dt + eY"dW,, -

Y”(O/ X) = Y(;l(x)/

where Y/ (x) € C,, and Y}(x) — Yp(x) as n — +oo. We refer to [12]. There exists

a unique solution Y" (¢, x) to Equation (7) in law and Y"(t,x) € C;\ . According to the

tem*
Kolmogorov tightness criterion, we can show that for, a.e., w € Q) there is a unique solution

Y (t, x) to Equation (5) such that Y"(t, x) converges to Y (¢,x) asn — oco. [

Lemma 5 ([12]). All solutions to (5) with initial date Yo have the same law which is denoted by
dcq dcqp dey e dcq dcq dey ¢
Yy, 21 % 9 9 dc; o dcy dc Y, 21 % 9 3, )
Q' %u 3w 330, and map (Y‘g’aﬁg}’?}’ﬁ’ﬁ) — Q'0%urdv a3 is continuous. For any
. ) 9y deg 9y Aoy )
Heaviside function Yo, law QY0 aw 5 3i- % forms a strong Markov family.

Next, we perform several estimations about Y (¢, x) which play an important role in
constructing travelling wave solution and estimating its asymptotic wave speed.

Theorem 1. For any Heaviside functions uy and vy as initial data, if (H1)-(H4) hold, for any
t > 0 fixed and, a.e., w € (), it is true that

Elu(t, x) +o(t,x)] < C(e,t), Vx € R, (8)

where C(e, t) = Elexp( sup frt €dWs)] is a constant.
0<r<t

Proof. We consider Equation (1):

du = [Au+ ucy(u,v)|dt + eudWs,
dv = [Av + vey(u, v)]dt + evd Wy, )
u(0,x) = up(x),v(0,x) = vo(x).

We denote by ¢(t, x) = u(t, x) + v(t, x); we have

{d¢> = [A¢ + ucy(u,v) + vea(u, v)]dt + epdW, (10)

(P(O, X) = ¢o = up + vg.

We let ¢ = m?>2<{ci(0,0)} ; with (H1) and (H3), we know that there exists § > a > 0
i=1,
such that

le1(u,0)| < co+ Blu| +alv|, ca(u,v) < co+ Blo| +alul, (11)
combination with (H2) and (11) gives
c1(u,v) <c¢g— Bu+av, c(u,v) < cy— Bv+ au. (12)

Frequently, it can be determined that
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ucy(u,v) +vea(u, v) <u(co — pu+ av) + v(co — Pv + au)
<co(u +v) — B(u? + v*) + 2auv
B—a

<co(u+v) — T(u+v)2
=(u+v)(co — ,Bga

(u+0)).
We denote c3(x) = cg — ?x,' c3(x) is decreasing for x € [0,400), and c3(x) < 0O for
x > % We let (¢, x) be the solution to Equation (13):
dy = [+ pleo — Bt y))dt + epan, .
Yo = uo + vo.
According to monotone random dynamical systems theory [13] and its corresponding

comparison principle [14], it can be determined that u(t,x) < ¥(t,x) a.s. and v(t,x) <
P(t, x) a.s. We let {(t, x) be the solution to the following equation:

dg = (A +Z(co — BF20))dt - 5,
(14)
Co = Yo.
We refer to [12] and use a stochastic Feynman—Kac formula. We have
t t
exp( inf edWs)l(t,x) < p(t,x) < exp(sup [ edW;){(t x)a.s. (15)

o<r<tJr 0<r<t”/r

For any fixed t > 0, for any ¢ > 0, multiplying G(t —s + o, x — y) in (14) and
integrating over R, it can be determined that

aas/Ré(s,y)c(t—wa,x—y)dy:(CO_622>/Rg(s,y)c(t_s+w_y)dy

B 26l —s +ox—y)dy

S(Coe;)/lzé(s,y)G(twa,xy)dy
*%(/I‘{C(Sry)c(t*5+0,x—y)dy)z_

Welet ¢(s) = [z ¢(s,y)G(t — s + 7, x — y)dy; then, we have

) < (- )9(s) — B 9(s), 6
Qo = ngoG(t—l—U,x—y)dy.
It can be deduced that
2¢co €2
< _
P) < ot g =g a7
Furthermore, we have
/g(t )G(o, x — y)d </gc(t+ax— ay 4 20 _ € (18)
R Y ’ y)ay = RO ’ y)ay /3_61 ﬁ_a'
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Then, we let 0 — 0, and we have
2¢o €2
t, </ G(t+,x — y)dy + — : 19
C(tx) < | GoG(t+x —y)dy 5—c B-a (19)
Therefore, we perform combination with (15) and obtain
t
u(t,x) +o(t,x) < p(t,x) <exp(sup [ edWs)
o<r<t“r
o 2c €? 20)
0
X (/RgboG(t,x y)dy + 5-a ﬁ—a) a.s.

Moreover, since the initial data uy and vy are both Heaviside functions, we take the
expectation and obtain

2¢o €

p—a p-a

Efu(t, x) +v(t,x)] < C(e, t)(uo +vo + ), (21)

where C(e, t) = E[exp( sup f: edWs)]. O
o<r<t

Theorem 2. For any Heaviside functions ug and vg as initial data, if (H1)-(H4) hold, for, a.e.,
w € O, any T > 0 fixed, it it true that

E sup [lu(t)[* + [o(+) %] < ElJuo|* + |oo[*Je™" + K(e)(1 —e7"), (22)
0<t<T

where K(€) > 0 is constant.

Proof. We let V(t) = |u(t)|? + |v(t)|? using the Itd formula, and we obtain

dv (t) =2(u, Au)dt + 2{v, Av)dt + 2(u,c1(u,v)) dt
+2(v, ca(u,0))dt + €2 [u? + v?]dt + 2e[u* + v*]dW;.

Then, integrating both sides in [0, t] and taking the expectation implies
E[V ()] =E[|uo|> + |0o|?] + 2E /Ot<u,Au>ds +2E/0t<v, Av)ds + €2 /Ot(bﬂ +0%)ds
—i-ZE/Ot(u,cl(u,v))ds +2E /Ot<v,cz(u,v)> ds
<E[|uo|? + |vg|?] - 2E /Ot |Vu[2ds — 2E /Ot |Vo|%ds + €2 /Ot(uz +0%)ds
+200E /Ot(u2 +o?)ds —2(p — a)E/Ot(MB' +0%)ds
<E[Jug|* + [vo*] —2(B — a)E /Ot(u3 +v°)ds + 2¢oE /Ot(u2 +v?)ds
+ €’E /Ot(u2 +v%)ds + E/Ot(uz +v%)ds — E/Ot(uz + v?)ds.
Hence, with Young inequality and Gronwall inequality, we have
Eflu(t)* +[o(t)]?] < Elluol* + [oo*le™ + K(e) (1 —e™), (23)

where K(¢) is a constant. [J

With the boundedness of Y (¢, x), the sup-solution can be constructed to describe how
fast the support of Y(#, x) can spread and the SCP property can be obtained.
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Lemma 6. We let Y(t,x) be the solution to (1) with initial data Yy as a Heaviside function. We
suppose for some r > 0 such that Yy is supported outside (—r — 2, v + 2); then, forany t > 1,

IP’(/Ot [ 1Y (s, %) |codsdx > 0)

Vi (x| = (r+1))?
<ce' | e P Yol

(24)

Proof. Since Y (t, x) is bounded and we construct a sup-solution solving the following
equation:

du* = [Au* + u*(p — pu*)]dt + eu*dWy,
dv* = [Av* + v*(p — Bv*)]dt + ev*dW;, (25)
w(0) = o, *(0) = vo,

where p > 0is a constant such that ucy (1, v) < u(p — pu) and vcy(u,v) < v(p — pv), then
we refer to [11,12]. The proof can be completed. [J

Then, we show that Y (¢, x) satisfy the Kolmogorov tightness criterion and Y (¢, x) €
K(C,d,u, ), which is dedicated to constructing a tight probability measure sequence and
furthermore obtain the existence of a travelling wave solution.

Lemma 7. For any Heaviside functions ug and v as initial data, if (H1)—-(H4) hold, for, a.e.,
w e Q any p > 2 fixed, t >0, if |x — x'| <1, there exits C(p,t) < oo such that

QY (t,x) = Y(t,x")|P) < C(p, t)|x —x'[P/>7,
Proof. Direct calculation shows that
1Y (t,x) = Y(t,x")|P
<371 [ (Gltx—y) = G(t,x' = y)uody|”
31 / (G(t,x —y) — G, 2" — y))vody]?

+3P~ 1|// (t—s,x—y) — G(t—s,x" —y))ucy (u,v)dsdy|?

I

+3F71) // (t—s,x—y)—G(t—s,x —y))vca(u,v)dsdy|?
1
+3F 16”|// (t—s,x—y) — G(t —s,x" —y))udWsdy|?
111
+37~ 1e”|// (t—s,x—y) —G(t—s,x —y))vdWsdy|? .

1%

Since

./(;t /R(G(tL —s,x—y)—G(t—s,x" — y))zdsdy < C(t)|x — ),
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and Y (¢, x) is bounded, for [IT and IV, we have
t
E[I11) <C(p)eE( [ [ (Gt —s,x —y) = G(t = 5,3' — y)Pdsdy)?/> !
0 JR
t
X (/ / (G(t —s,x —y) — G(t —s,x" —y))?uPdsdy)
0 JR
<Ci(p,t)|x — 2|72,
and
E[IV] < Cy(p,t)|x — x'|P/271,
With Holder inequality, for I and 11, we have
t
E[I] =3""'E| / / (G(t—s,x —y) — G(t —s,x’ —y))(u — ayu® + byuv)dsdy|?
0 JR
t
<[ [ (Gl 53— y) ~ Gt — 5,1 ) Py
0 JR

X (/Ot/R IG(E—5,x —y) — G(t — s, %" — y)|PE[(u — ayu® + byuv)P|dsdy)
<G3(p,t)|x —x'|P/*71,
and
E[H] < Ca(p, t)|x —«'[P/>71.

Meanwhile, we have

Bl | <G<t,xfy> fc<t,x’fy>>uody|'f

_ \2
(= oy

B ‘/ % 2t\/ﬂ
//x, ygt) Juodrdy)”

<K(fr =17 [ ewp(~5 By

<Cs(p,t)|x — x'|P/>71,  (since \x—x | <1),

and
8] [ (Glt,x ~y) ~ (&, — y))oody P < Colp, )]~ <P/
Combining all the inequalities above completes the proof:
E[|Y(t,x) = Y(t,2)|"] < C(p,)|x — «'[P/271. (26)

O

In order to construct a travelling weave solution, according to the two sufficient
conditions proposed by Tribe [11], we are required to show that the wavefront marker is
bounded for all t > 0 and the translation of solution with respect to a wavefront marker
is stationary. However, it is quite difficult to deal with Ry(t) directly, so we turn to a new



Mathematics 2024, 12, 1284

90of 13

suitable wavefront marker for help. We define Q0 as the law of the unique solution to

Equation (5) with initial data Y. For a probability measure v on C;},,, we define

define a new wavefront marker Ry (t) : C;"

Ri(f) = ln/Rexfdx, Ri(u(t)) = ln/Rexu(t,x)dx,
and
Ry(t) := Ry (Y(#)) = max{Ry (u(t)), Ry (o(t))};

then, Ry () is an approximation to Ro(Y(t)) = max{Ro(u(t)), Ro(v(t))}. We let Z(t) =
Y(t,-+Ry(t) = (Z1(t), Za(t))T, Zo(t) = Y(t,- + Ro(Y(t))), and define

(0,0)7, Ri(t) = —o0,
Z(t) = { (u(t,-+ Ry(1)),v(t,- + Ri(1))T, —o0 < Ry(t) < oo,
(P, p2)7, Ry(t) = oo

Next, define

vr = thelawof — / s)ds under Q0.

Now, we summarize the steps of constructing a travelling wave solution. First, we
show that the new wavefront marker is bounded (see Lemma 8) to ensure the shifting does
not destroy the tightness (see Lemma 7). Based on this, we construct a tight probability
measure sequence {v7 }ren (see Lemma 9) and show that any limit point is nontrivial (see
Theorem 3), where QV is the law of a travelling wave solution.

Lemma 8. For any Heaviside functions uy and vy as initial data, for, a.e., w € Q, any t > 0,
d>0,T > 1, there exists C(t) < oo such that

(IR > d) < U @)

Proof. With the comparison principle, we construct a sup-solution solving Equation (28):

[ ﬁ]dt + euth,
[AD + kd)dt + eddW,, (28)
u

0,00 = vo,

Qh
Il

=t
<)
I

where k > 0 is a constant such that uc1 (¢, v) < ku and vcp(u,v) < kv; thus, we determine
that u(t,x) < ii(t,x) and v(t,x) < 4(t,x) hold on [0, T] uniformly, and for, a.e., w € Q) the
solution to Equation (28) can be expressed by

~ " ' £ \/
Y(tx) = ./R M G(t,x —y)Yo(y)dy + e ./R '/0 G(t—s,x —y)YdWdy. (29)



Mathematics 2024, 12, 1284 10 of 13

Without generality, we assume that Ry () = Ry (u(t)) and take u(t, x) for an example.
We have

Qo( /I;u(t, x)e*dx) SJE[/R a(t, x)e¥dx]
B[ [ [ Gt x = yyuo(y)dye a
Kt /R uo(x)e dx, 30)
according to the definition of Ry (), we know

/ u(t, x + Ry (t))e¥dx = e Ra®) / u(t,x)e’dx = 1; (31)
R R
meanwhile, we have
/ v(t,x + Ry (t))e*dx < 1.
R
Combining (30) with (31) implies that

Q" (Ry(t) = d) :% /OT Q(Q"®) (R (t) > d))ds
:% /T Q"0 (QH(s) (¢ / u(t,x)e’dx > 1))ds

<t d [ Q@[ uft,x)etdn))is
e kt”l/ / u(s, x + Rq(s))e*dxds
—e —d kt+t. (32)

On the other hand, Jensen’s inequality offers

QMU(Rl(t)) Sln(ekt-&-t/RuO(x)exdx) Skt+t+R1(uo),
additionally, we can obtain such estimation:
1 T+t T
TQMO(/t Rl(s)ds—/o Ry(s)ds)
[
=7¢ (/0 Ri(t+5) — Ry(s)ds)
1 T
T R t —R up d d
T/O /{Rl(f+5)—R1(S)>—d}( 1(t+5) 1(s)) Q" (du)ds
1 T
T Rq(t — R U (dud
’ T/O /{Rl(f-i-S)—Rl(S)g—d}( 1(t+5) 1(8)) Q" (du)ds
1 T
ST Rq(t - R w0 (dy\d
ST o a9 RO
;i* Q(Ry(t+5) = Ry(s) < —d)ds

<q [T QR+ )~ Rifs) 2 s
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d (T .
~ 5 | QR +5) ~Ri(s) < —dds
= [ QT Ri(®) 2 )y — 4Q"T (R(1) < —d).
Rearranging the inequalities above implies
QT(R(1) < ) < [T QTR 2 )y + [ QTR
= [ mies
<1/me_y+k0t+tdy+i/Tk s+ s+ Ry(up)ds
=7l aT Jo 0 1(to
c(t)
<——.
<= (33)

We combine (32) with (33), and the proof can be completed. O

Via the boundedness of wavefront marker R; (t), we can construct the tight sequence
{vr: T € N} with Y(t,x) € K(C,6, 1, 7).

Lemma 9. For any Heaviside functions ug and vg as initial data, for, a.e., w € (), the sequence
{vr : T € N} is tight.

Proof. Similarly, we start discussion with u(t, x). Since Y(t,x) € K(C, 4, u,7), it can be

determined that u(t, x) € K(C,J, u,y), and furthermore, we have

1 /T
vi(K(Co,m,0) = [ QU(u(t, +R(t)) € K(C,0,7,m))ds

1 T
> [ Qe+ Ri(t = 1)) € K(Ce,0,7,m)
X |Rq(t) = Rqy(t = 1)| < d)ds
=1 —1II
According to Lemma 8, it can be easily determined that II — 0 as d — oo. In addition,

for any given d, u > 0, we choose C, J, y to make I as close to % as desired. In addition,
we know

vr{ug : /Ruo(x)e_"ddx < /Ruo(x)exdx =1}=1,

thus, for a given y > 0, we can choose C, 8,y such that vr(K(C,d, 1, v) N {ug : [ ug(x)e1¥ldx)
as close to one as desired for T and d that are sufficiently large, which means that sequence
{vr : T € N} is tight. We refer to Lemma 3.9 in [12]. The proof can be completed. [

Theorem 3. For any Heaviside functions uy and vy as initial data, if (H1)-(H4) hold, for, a.e.,
w € O, any T > 0 fixed, there is a travelling wave solution to Equation (1), and QV is the law of

travelling wave solution.

Proof. Refer to Theorem 3.10 in [12]. The proof can be completed. O
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Based on the existence of a stochastic travelling wave solution, we can estimate the wave
speed by the comparison principle in the following. First, we construct the sup-solution

dii = [Aii + uc(i)]dt + eadWy,

Ao = [AG + 0¢(0)]dt + eddW, (34)
_ 0 _ 20

Upg = 2 (0[0) Up, 09 = 02(0,0) 00,

where ¢(x) is Lipschitz continuous and decreasing for x € [0, c0), and there exists § > 0,
such that ¢(x) < 0 for x > 4. Since (u,v) is the solution to (1) and bounded, it holds that
c1(u,v) < é(u) and c(u,v) < é(v). Then, we construct the sub-solution

du = [Au+ ucy(u,0)]dt + eudWy,
dv = [Av+ ve(0,v)]dt + evd Wy, (35)
Uy = U, 09 = 0o,

where ¢1(u,v) > ¢1(1,0), c2(1,v) > ¢2(0,v). According to the comparison theorem of wave
speed (see Lemma 4.2 in [12]), the wave speed of travelling wave solution to Equation (1)
can be estimated.

Theorem 4. For any Heaviside functions ug and vy as initial data, if (H1)-(H4) hold, we denote
by c the wave speed of the travelling wave solution to Equation (1); then,

\/4cy —2€2 < ¢ < \/4c) —2€% as. (36)
where ¢y = max{c1(0,0),¢2(0,0)}, ¢o = ¢(0).

Proof. According the definition of wave speed,

Ro(t
¢ = lim ﬁ a.s.,
t—o0 t
the wave speed of stochastic reaction—diffusion equations is the maximum value between
the two sub-systems; thus, with the comparison theorem of wave speed and referring to

Theorems 4.1 and 4.2 in [12], the proof can be completed. [

3. Conclusions

In this paper, we are devoted to the propagation dynamics of stochastic reaction—
diffusion equations and offer the definition of the stochastic travelling wave solution in law.
According to the random monotonic dynamical system theory, the existence of travelling
wave solution is determined via the two sufficient conditions proposed by Tribe, and we
summarize the general methods of constructing a stochastic travelling wave solution.
Furthermore, the estimation of asymptotic wave speed can be obtained by constructing
sup-solution and sub-solution and using the comparison method of wave speed. Obviously,
the upper bound and the lower bound of wave speed depend on the nonlinear terms and
the strength of noise, and it is in line with reality. In the deterministic condition, the wave
speed relies on the nonlinear term. After introducing the noise term, its impact is reflected
in the estimate of wave speed.
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