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1. Introduction

We examine the system of fractional g-difference equations

(DEu) (v) + f(u,u(u),v(u),lf,lu

(v),Iglv(u)) =0, ve(0,1),
(Dﬁv) V) +G (1/, u(v),v(v),2u

(V)rIXZV(V)) =0, ve(0,1), e

subject to the multi-point boundary conditions

i

n—2, Dgu(1) a;Dgu(g;) + Z biDgv(w;),
i= 1 (2)

CD’71 é’l +ZdDPz )

.,m—2, Div(1) =

I
—

Here, g € (0,1), 0, B € R, a € (n—ln] Bpe (m—1m,nmeN, nm>2
a/b/C/DGN}Q/QilﬂkE [O/‘X ) 19(7 [013 ) az/b]/Ck/d € R; ¢, ],gk,e 6(0 )
D’é is the fractional g-derivative of order x, forx =ua,B,6,09,0;,0 is s P1s foralli=1,...,aqa,
j=1...,bbk=1,...,¢,0=1,...,9; D’; represents the g-derivative of order p, for
p=0..,n—-2andp =0,....m—2; 6,y > O0forr = 1,2; Ig is the fractional g-
integral of order «x, for x = J;,7;, i = 1,2, and F,§ are nonlinear functions satisfying
some assumptions.

In this paper, we aim to set forth conditions on the functions F and G that guarantee
the existence of at least one solution to problem (1), (2). Our proofs will make use of various
fixed-point theorems, including the Leray—Schauder nonlinear alternative, the Schaefer
fixed-point theorem, the Krasnosel’skii fixed-point theorem for the sum of two operators,
and the Banach contraction mapping principle. Furthermore, we will include references
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to relevant literature closely associated with our investigated problem. In [1], the author
studied the existence, uniqueness, and multiplicity of positive solutions for problem (1), (2)
under different assumptions than those used in our present paper. The associated Green
functions are constructed, and some of their properties are presented. For the proof of the
principal findings, the author employed in [1] a range of fixed point theorems, including
the Schauder fixed point theorem, the Leggett—Williams fixed point theorem, and the Guo-
Krasnosel’skii fixed point theorem. Therefore, the methods used in [1] are distinct from
those we will apply in our paper. In [2], the authors investigated the system of nonlinear
fractional g-difference equations

(D) (t) + P(t,u(t), v(t), ¥ u(t), Iv(t)) = 0, te (0,1), 3)
(Dg?v) (1) +Q(tu(t), v(t), I¥2u(t), 12v(t)) =0, te (0,1),
with the coupled nonlocal boundary conditions
Diu(0) =0, i=0,...,m—2, Du( /DV ) dgH(t), “
Div(0) =0, i =0,...,n—2, D{W( / Diu(t) dgK(t),

where q € (0,1), ay, 00 € R, a1 € (m—1,m], a0 € (n—1,n], myn e N,m >2, n > 2,
w;>0,6>01=1270€[0,ap—1),¢ €[0,a1—1),f € [0,a1 —1),§ € [0,a2 — 1),
the integrals from (4) are Riemann-Stieltjes integrals, and H and K are bounded variation
functions. Utilizing diverse fixed-point theorems, they established results affirming the
existence and uniqueness of solutions to problem (3), (4). In [3], the authors analyzed the
existence of solutions to the fractional g-difference equation subject to nonlocal bound-
ary conditions

(DEu)(t) = f(t,u(t), forae. te (0,T),
6)

u(0) — w(0) :/()Th(s,u(s))ds, u(T) +u'(T) :/()Tg(s,u(s))ds,

where T > 0, q € (0,1), B € (1,2], and CD‘;‘ is the Caputo fractional g-derivative of
order a. In demonstrating the main result, they employed the Monch fixed-point theorem,
and the method of measures of noncompactness. In [4], the authors examined the existence,
uniqueness and multiplicity of positive solutions to the fractional g-difference equation
supplemented with nonlocal boundary conditions

)=0, te(0,1), ©)
=0,...,m~2, (Dju)(1) = a(Dju)(y),

where ¢ € (0,1),p € (m—1,m],m > 2,v € 1,m—2],n € (0,1),a € [0,1], and
g :[0,1] x [0,00) — [0, o) satisfies Caratheodory type conditions. In proving the main the-
orems, they utilized multiple fixed-point theorems. In [5], based on the Guo-Krasnosel’skii
fixed point theorem, the author explored the existence of positive solutions for the fractional
g-difference equation subject to boundary conditions

{ (Dgv)(t) = —g(t,v(t)), te (0,1), @)
v(0) = (Dqv)(0) =0, (Dgv)(1) =

where q € (0,1), v € (2,3], > 0,and g : [0,1] x R — R is a nonnegative continuous
function. In [6], the author studied the existence of nontrivial solutions for the nonlinear
g-fractional boundary value problem

{ (Dqv)(t) = —g(t,v(1), te (0,1), ®)
v(0) =v(1) =0,
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where q € (0,1), v € (1,2], and g : [0,1] x R — R is a nonnegative continuous func-
tion. To prove the main results, he also used the Guo—-Krasnosel’skii fixed point theorem.
For other research works that investigate fractional g-difference equations and systems of
fractional g-difference equations with either coupled or uncoupled boundary conditions,
we refer the reader to the following papers [7-14].

The domain of g-difference calculus, commonly known as quantum calculus, finds
its roots in the seminal contributions of Jackson [15,16]. For a comprehensive exploration
of diverse applications within this field, readers are encouraged to delve into the research
conducted by Ernst [17]. The inception of fractional g-difference calculus can be traced
back to the works of Al-Salam [18] and Agarwal [19]. To stay updated on advancements
in this subfield, covering g-analogs of integral and differential fractional operators, along
with properties such as g-analogs of Cauchy’s formula, the fractional Leibniz g-formula,
g-Taylor’s formula, g-Laplace transform, and g-analogs of the Mittag—Leffler function, see
the papers [19-31].

The novelty aspects of our problem (1), (2), compared to that examined in [1] are the
following. In our paper, we study the existence of solutions for problem (1), (2), in contrast
to [1], where the author investigated the existence of positive solutions for (1), (2). For
this reason, the assumptions on the orders of the fractional derivatives in [1] are stronger
than those used here, and they assure the nonnegativity of the associated Green functions.
Indeed, in [1], the orders ¢ and ¢ must be greater than or equal to 1, an assumption that
does not appear in our present work. In addition, in [1], there are connections between g, 0;
and g fori=1,...,aandk =1,...,¢, on the one hand, and ¢, (Tjandp[forj =1,...,band
t=1,...,9, on the other hand. Namely, g; and 7y are less than or equal tog, fori =1,...,a
and k = 1,...,c,ar1dU]~ and p, are less thanorequalto ¢, forj=1,...,band:=1,...,9
These last conditions are not used in our paper. Furthermore, the theorems applied in the
present paper are different than those utilized in [1]. Related to paper [2], the differences
between [2] and our paper are in the form of boundary conditions, which in our case
(boundary conditions (2)) are more general than the conditions (4); our conditions (2) are
generalized coupled boundary conditions.

Our paper is structured as follows: Section 2 presents auxiliary results essential
for the subsequent sections. In Section 3, we unveil the primary existence results for
the problem (1), (2). Moving on, Section 4 offers illustrative examples to showcase the
applicability of our theorems. Finally, Section 5 concludes the paper by providing a
summary of the findings and presenting comprehensive conclusions.

2. Auxiliary Results

This section provides initial findings that will be utilized in subsequent sections. We
begin by examining the linear system associated with our given problem (1), (2), namely

(D%u)(v) +h(v) =0, ve(0,1), ©)
(Dgv)(v) +k(v) =0, v€ (0,1),
with the boundary conditions (2), where &, k € C[0,1].
We introduce the constants
Ig(a) . Fg(a) a1
A = — 1" _tql\®)  aa—g .
1 9 2 qum—el)C
b
/3 i— D‘ 7;i—1
C ’
; Fq/% 0) Z’F 17) (10)
0

Tq( B—pi—1
A 9 L
t B 19 Z ﬁ p»

A= MM—MM
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Lemma 1 ([1]). If A # O, then the solution (u(v),v(v)), v € [0,1] of problem (9), (2) is given by

a(v) = —rql(a) /OV(V — q0) @ V() dgr

! 1
/O (1 - qr) @< Dh(7) dgt

Vafl

*A{wf@

i=1 qla—o;
¢ c Gi o
_Azzl"q(lxl—ﬂ)/o (€ —ar) I Vh(t) dgT
i=1 i
Vafl b b: w;
_ % . q7)(B—0i—1)
+— A4;Fq(ﬁ_ai)/o (wi —q1) k(t)dqT
A 1 o
+1}T2—l9)/0 (1—qT)(ﬁ ¢ 1)k(T)qu
PP (B—pi-1)
MLty y B k@ dyr| ve o
i=1ta i
(11)
A,Uﬁ_l ¢ Ci Gi (@—n;—1)
V) = M L ) G a0 k) dye
As 1
1 — gq7)@=s—Dy
+Fq(0c—g)/o( q7) (t)dqT

0 d: ;
—A : 0; — qr) PP V(1) dyT
11-_21Fq(ﬁpi)/o (6 —ar) @)
b b: w;
—A -t w; — qr) B Vr(r)d, 7|, velo1
Yo @i <>q] 0,1]

By the definition of fractional g-integrals, we obtain the next lemma.

Lemma 2. The following relations are satisfied:

@ gy fy a0 g = e (= )W), vz
(b) l"ql(ﬁl) /Ov(vl—qr)(ﬁ—l) dgT = 11,(;3/111) (; (I’f,l)(v)), v>0,
i m /0 1(1 ) qT)(aigil) fat = Tgla —¢+1)
@ Tq(ﬁl— 8) fy @ Y- Tq(p = E )
i X—=Q;
“ Tq(wl— o) /j’(éi—qﬂ(“ W dyT = n(a%?f.ﬂ)’ P
©) Fq(ﬁl - /Owi(wi—qr)(ﬁ -1 g 7= rq(ﬁwi T 1,...,0,
0 sy 0 e e
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Lemma 3 ([1]). Ifw € C[0, 1], then for k > 0, we have
e < vl 1 12
)] < s, Yve ol 12
where ||w|| = SUP,¢o,1] |w(v)].
We consider now the Banach space Y = C([0,1],R) with the supremum norm

[[ul] = SUP,¢[0,1] |u(v)|, and the Banach space V = U x U with the norm ||(u, v)||y = |Ju| +
[Iv]|. We define the operator £ : V — V, E(u,v) = (1(u,v),E(u,v)), with &, &V - U
given by

nle = An.l(a) 47(””““ D Fue (1) dgT
+3 a[rquf—g) ) g(.l am) D P (1) dg
_A41; rq(;i_ ) /0 (& —qr) e Fyy (1) dgt
_Azi_iqu(;i_ ) /Ogi(Ci—qT)(“ 1Y) Fuy (1) qu]
o —A4iiqu(;i_m) | @i = a0 -G () g
+rq(22_19) | (1 - qr) NG, (1) dy
Azz‘irq(ﬁdi_pi)/()ei(ei_qT)(ﬁ_pi_l)guv<T) qu], velol], 0
a0 = D [ [ a0 (6
g fy a0 Ry
_A?’grq(fi = [ @R qu]
5 bs) (v~ 40 E G (7) g
i fo-ar i
Algpq<ﬁdipl)/'(9i—qr)<ﬁ P Gy (1) dgT
o b; w;
_A3iqu(ﬁl_ai)/0 (w; —q)lF~i71g (T)dqu, velo1],

for (u,v) € V, where Fuy(7) = .F(T,u(T),V(T),I‘;lu(T),Iglv(T)), Gu (T) = G(t,u(1),v(T),
12u(7),1)2v(1)), for any T € [0,1].

By Lemma 1, we see that (u, v) is a solution of problem (1), (2) if and only if (u,v) is a
fixed point of operator £.

3. Existence of Solutions

In this section, we will outline the principal existence results for the problem defined
by Equations (1) and (2).
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We introduce the fundamental assumptions that form the basis of our theorems.

(J1) q€(0,1),a, BER, x € (n—l nl,pe (m—1,ml,n,meN,nm>2ab,c0cN;

G, Qi € (0,0 —1); 8,050, € [0,8—1); a;,bj,c,d, € R; &, wj, Ty, 6, € (0,1), for all
i=1,...,a,j=1,...,0b, k—l e t=1,...,00¢ 7 >0forx =1,2; A # 0 (given
by (10)).
We also define the constants
1 1 1 g;‘“ o
Y= —— <+ ||A sy A
1 F(oc+1) |A| | 4|Fq(a c+ ‘ 4|Z|l| Ql+1)
g“ i
+IA I
+ z\2|cz| et
B—ui
1 1 w:
Yo = o | el gy T 1Al L il =y
o | = Z Lot
0 6.5*101‘
+A d v
Al L )
. . ge (14)
Y= —||A 7—!— A aj| —+—
3 |A‘ | 3|1-q( Q | 3|Z| l| ( Ql+1)
g’x i
+|A -
| 1‘Z|Cl| 171+1)
B—o;
1 1 1 w'
Yo = oy T A | Ml e a g Tl L bl
I P Zi G- a )
9.3 Pi
+|Aq dj| ———+—
N

Under assumption (J1), we remark that Y; > 0, Y, > 0, Y3 > 0, Y4 > 0, and so

Y14+Y3>0,Y2+Yy > 0.

The initial existence and uniqueness theorem for problem (1), (2) is as follows, relying

on the Banach contraction mapping principle, as detailed in [32].

Theorem 1. Suppose that (J1) holds. In addition, we assume that the functions F, G : [0,1] x R* — R

are continuous and satisfy the condition
(J2) There exist the functions H;, IC; € C([0,1],R4),i=1,...,
4

| F(v,uy,up,u3,u) — F(v,v1,V2,V3,vg)| < E Hi(v)|[w; —vil,
1

"‘n

1G(v,u1,u2,u3,u8) — G(v,v1,v2,v3,va)| < Y Ki(v)|u; — vy,
i=1

forallv € [0,1] and u;,v; e R, i=1,...,4.

If
O <1,

where ©) = max{@1,0,},

— (o s « &
0= (v + e )0 190+ (5 g 02 )

_ * * E4
0, = (hz + > (Y1 +Y3)+ (Ez + W) (Ya+Yy),

4, (R4 = [0, 00)), such that

(15)

(16)

(17)
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=1,...,4, then the boundary value prob-

and b = sup,coq) Hi(v), & = sup,cpq) Ki(v), i
velo, }

lem (1), (2) has a unique solution (u(v),v(v)),

Proof. We denote by E1 = sup, oy |F(v,0,0,0,0)| and E, = SUP ¢ [0,1] |G(v,0,0,0,0)|.
We consider the positive number

R> E1(Y1+Y3) +E2(Y2+Yy)
- 1_@0 7

(18)

and let theset O = {(u,v) € V, |[(u,Vv)|y < R}.
We will show firstly that £(Q) C Q. For this, let (u,v) € Q, thatis |[ul| + ||v|] < R.
Then, by (J1) and Lemma 3, we obtain for all v € [0, 1]

| Fav (V)] = [F(v,u(v), v<v>,1‘2.1u<v>,1’51v<v>>|
< |F(v,u(v),v(v )I1 (v ),I;“v(v))—]—“(v,0,0,0,0)|+|}“(v,0,0,0,0)|
< Hy () [u(v)] + Ha(v)[v(v)] + Ha(v) I a ()| + Ha(v) [T v (v)] + Ey

u % \% —_
< biflull + b3 vl +h3r (|(|5 ml) h41"q(’”71|L'1) =

(5 g L _

= (% + g )| |+<hz iy IVl = A,
Gus ()] = 1G(0,0(0), V() Epuls), v (v)|

< |g(1/,u(1/),v(1/),I?u(v),lgzv(v)) - g(v,0,0,0,0)| +1G(v,0,0,0,0)|

<0 K 0] K0S 4K )+

<Gl + 5+ By
~ (v <5+1>>”“”+ 8+ oy ) IVl 22 = B

Therefore, we find

(19)

+8p

B € oy [ = a0 F (0] g

1 ql(‘x) 1
A bam”(‘"” /Og_a )| (1) dge
M s [ R o) g
1l ¥ s M= a0 () dqr]
a |A4|irq(;'01)/“’”<wl-—qr>ﬁ G ()] d
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a a; Ci A
+Ag] Y ——— ] /(éi—qf)( %D dgt

i= 1Fq “_Ql
S lal S ey
Hol Dot [ @) T
l 1
1 ‘ \b| wi (
+Buv— | | A4 / w; —qr) PV g 1
A [N L g =y Jy (m T

1 1 —o—
Hial gy [ (- a0) 0 Ve

rg(/s o
d; i o
—HA2|Z }3 |pl / (Gi—q”[)(ﬁ 0 l)qu‘| (20)
1/"‘ 1 gha
= Aw 7+7 Y PR S—— Y | PR
oD | M e M L e
é"" 1i
+A2|Z|C1|(’71+1)J}
1 LW 1
+Buvm l|/\4| Z|bl|m+|/\2|7rq(ﬁ_l9+1)
B—pi
o
+\A2|Z|d|m < AwY1+ BwY2, Vv e (0,1],
i 1
and
1 = il Gi (a—pi-1)
E2(uv)()] < g (1A ) w7 [ (G — ar) TV [Fuy(7) [ dgT
| ‘ izqu(“ 771) 0
1 1 e
HAsl gy [ = a0 P ()l g
- |ai‘ Gi (a—0;—1)
+|A _— i —qT T Fuv(T) | dgT
D e G A NI
1 v
_ar)B-D
ey ¢ G (a7
1 1 ‘ e
+M|[|A1rq(ﬁ_19)/ (1—q7) PV |Guy (1) dgT
Y e [ 6 )50 G (1) dyr
i—1 Fq(.B_Pi) 0
b bl Wi
+|A3'§rq(}s|@>/o (i — 47) B~ |Gy (2 >|dqr] o)
1 S el S e
SAHVN[MH;IM/O (Ci —q1) dqT
1
A 1—qgr)@ sy
HAsl g gy ) (1= a0) 4
a Ia‘ G ( o1
FlAsl Y — i—qr)@e D 4.7
| 3|;rq(“—9i)/0 (é’ q ) q

LY a1 _ 1 g6
+Buv{rq<ﬁ)./0 (v—qr) 1dr+|A|[A1rq(ﬁ_l9>/0 (1-qq) dot

0 di 0; .
Jr|/\1|Z||,)/0 (6; — qr) PPV d T

Ny
; 1rCI(/3_0'i) 0
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go‘ i 1

- A S N .
(;z’" Q;
A __Jr
Uﬁ 1 G.B_Pi
B - AN|=————+|A di| =——+—~
*‘”{ GrD e | MnEer ”Z" FaB—pi+ 1)
ﬁ,m

+ |A3| Z ‘b |m } S AuVY3+BuVY4/ VV (S [0,1]

Therefore, by (20), (21) and (18), we deduce
1€, v)[ly = ||51 w V)| +[&(u V)| < Auv(Yl +Y3) + Buv(Y2 + Y4)
(7 +1)

- @1 )nn+(@+ Hw+~403+n)
E4

f(@+®+nﬁn+<*q“7+nﬂﬂ+&hn+n)

(Y1 +Y3) + (B;‘ + )(Y2+Y4)] [[u

N———

3
| it Tq(é1 ;—1) Tq(02+1) (22)
4

+ (s + W)mmn(ez+rq(,;4+1))m+¥4>}||v||

+E1(Y1 +Y3) + E2(Y2 + Yy)
= O1|lull + @2Vl + E1 (Y1 + Y3) + Ea(Y2 + Yy4)
< Ool|(w,v)lly +E1(Y1 +Y3) +E2(Y2 +Yy)
< OoR+E1(Y1 +Y3) +E2(Y2+Yy) <R

Therefore, we conclude that £(Q2) C Q.
Subsequently, we will prove that £ is a contraction. For this, let (uy,v1), (up, v2) € V.
By relations (15), we find for any 7 € [0, 1]

| Fugvy (T) = Fugv, (T)] < Ha (1) [ur(7) — wa(7)| + Ha (1) [v1(T) — va(7)]
+Ha(0) 15" (1) — Igfua(T) |+m<m“<>—wwwﬂ*

b3
Iy (51 + 1)

b3 ) ( 1
=(b+—— —uwll+ (b 4+ —va| =: Cuy,
(hl rq(51 +1) ”ul u2|| [72 Fq('Yl +1) ||V1 V2|| u

|Gy (T) = Gugv, (T)] < K1 (7)[ur (7) — u2(7) [ + Ko (T) [va(T) — v2(7)]
+K (1) 15701 (1) — 1ua(7)| + Ka (1) 13v1 (1) ~ IPva(7)]

< ¥y — o) + B [[v1 — val| 4+ =2y — o + ——E
=4 2 Iq(d2+1) . To(72+1)
€] ¢

Then, for any v € [0, 1], we obtain

[vi —vall

< billug — ol + b3 flve — val| + ||ul—112”‘*‘1~(74
q

11+1)

(23)

V1 = val|

[E1(uy, v1)(v) — Er(uz, v2) (V)]

1 v
_ (a—1) .
= Fq§“> /0 |(X | 1 e (0 P (Ol T
— 4 (a—¢—1)
+|A| {Fq(zx—g) / (1 qT) |‘FU1V1(T) ‘FuZVZ(T>|qu
3 |ai| : . X—Q; 1)
Al ) rq(a_gl)/ (6 —a7) [Pt (T) = Fagey (1) dgT
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10 Y B [ (G , (1) = G (1) ot
A i1 Tq(B—0i) Jo o v
A 1
Frtb o [ 0 (1)~ G0
: i
+| Ao / 0; —qt (B=pi-1)|g G )| dgT
| Igrq(ﬁ o). ( ) YGuyv, () = Guyv,y ()] dg
1 v 10 A 1 .
< L _ap) (@1 774/ _gp)(@—c-1)
N Cuv{rq(“)/o v qu dart A [Fq(oc—g) 0 (1=a1) fa
a i
+|A|Z al|gl / (& —aqr) e D dgr (24)
q%)> b [ G- a0e Ve
i rq(l"_’?i) Z K
Dy | 1A |f ol [ - a0 dge
“V|A\ HET () ! ;
| Az /1 (B—0—-1
t—r 1—qt)lP )dgT
rq(ﬁ—ﬁ) 0 ( ) |
0 ‘d| 9,‘
+IA 71/ 6, — qr) B~V d 7| < CuvY1 + Dy Ya.
| 2|izzqu(,B_Pi) O(l q7) q uv 11 uv X2
In a similar manner, for any v € [0, 1], we deduce
|E2(ug, v1) (V) — Ea(ug, v2) (V)] < CuvY3 + Duy Ya. (25)
Then, by (24), (25) and (17), we conclude that
1€ (a1, vi) = E(uz, v2)lly = [[€1(u1, v1) — E1(ug, v2)[| + [[€2(u1, v1) — Ea(uz, v2) ||
S CuV(Yl + Y3) + DuV(Y2 + Y4)
. b3 . b; )
= — B )Y+ Y3 ug - — )Y+ Ys)|ve —
(114 q<51t1))( 1+ Ya)l uz”*(”ﬁrqmju Y1+ ¥s)1 —vel
HU g | (2 +Y — +{’*+4)Y+Y ~
<1 (5 +1)>( 2 4)[lur —uz| 2 I’q(vz+1) (Y2 4)|vi —v2| 26)

_ * l[]3 E* _
—[('71 T, (01 tl))(Yl+Y3) ( T T, (5 J{Cl))(Yz-FYzL)]Hul u |
* 4
(5 gty o v (s o v
= 0O1lus — wa| + @af[vy — va| < Op(|[u; —uz|| + [[vi —val|)
= 0Og|(ug,v1) — (uz,v2)|ly-

By (16) and (26), we deduce that £ is a contraction operator. Therefore, by the Ba-
nach contraction mapping principle, the operator £ has a unique fixed point (u*,v*) € Q.
Therefore, problem (1), (2) has a unique solution (u*(v),v*(v)), v € [0,1] with
[lu*|| + [|v*]| < R. Moreover, for any (ug,vo) € Q, the sequence ((uy, vn))y>0 defined by
(un, Vi) = E(uy—1,Vy—1) for n > 1 converges to (u*,v*) as n — oo. By the proof of Banach
theorem, we obtain the error estimate

n

* k @
[, i) = (0%, vl =< _%OH(ul,Vl) — (o, vo)ly- (27)

O

Corollary 1. Suppose that (J1) holds. In addition, we assume that the functions F, G : [0,1] x R* — R
are continuous and
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(J2)! There exist L; >0, M; > 0,i=1,...,4 such that
4
‘f(vrul/u2/u3/u4> _F(V/V11V2/V3/V4>| S ZLi|ui _Vi|/
i1 (28)
1G(v,u1,u2,u3,u8) — G(v, v, v2,v3,va)| < Y Mifu; — vy,
i=1
forallv € [0,1] and u;,v; e R, i=1,...,4.
If@o < 1, where ®y = maX{®1,®2},
L3 M;3 )
O = (Li+—2 V(Y1 +Ys) + My + — 2 ) (Yo + Ya),
1 (1 rq(5i+1))( 1+ Y3) ( 1 Fq((S]z\/I+1) (Yo +Yy) 9
@=L+ —2 ) (Y14Y My+ ——2 (Yo +Yy),
? <2+rq(71+1)>( e 3)+< 2+rq(72+1)>( 2+ Ya)

then the boundary value problem (1), (2) has a unique solution (u(v),v(v)), v € [0,1].

The following two outcomes regarding the existence of solutions to problem (1), (2)
rely on the Krasnosel'skii fixed point theorem applied to the combination of two operators
(refer to [33] for details).

Theorem 2. Suppose that assumptions (J1) and (J2) hold. In addition, we assume that the
functions F,G : [0,1] x R* — R are continuous and

(J3) There exist the functions ®, ¥ € C([0,1], R.) such that
|F (v, ur,up,u3,ug)| < @(v), [G(v,ur,up,us,uq)| < F(v), (30)

forallve 0,1, y; eR,i=1,...,4.

If
£0<1, (31)

where £y = max{ £y, £, } with

(e 1
&@”r@ﬁn%@““ )

+G“Wu5tn T )
2= (0t Fq(;h4—|— 1)) (Yl s Fq(a+1)
+<E§ i rq(724+ 1) <

then problem (1), (2) has at least one solution (u(v),v(v)), v € [0,1].
Proof. We define the number r > 0, which satisfies the condition

r= (Yi+Ys)[|@f + (Y2 + Ya)[[¥], (33)

and the closed set Qp = {(u,v) € V, ||(u,v)||y < r}. We shall verify the assumptions of
the Krasnosel’skii fixed point theorem for the sum of two operators. We split the operator
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& definedon Oy, as E =P+ Q, P = (P1,P2), Q = (Q1,Q2), where P;, Q;, i = 1,2 are
defined by

BY,

(V)W) = g [ a0 D A,

Q1 (u,v)(v) :51(111,")( ) = Pr(u,v)(v), (34)
P2, v)(v) = T )/0 (v—qr) P VG (1) dqgT
Qa(u,v)(v) = E(u,v)(v) = Pa(u,v)(v),

forallv € [0,1] and (u,v) € Qy.
Firstly, we will prove that P (uy, vq) + Q(up, v2) € Qp for all (u, vy), (up, v2) € Q.
For this, let (uy,v1), (up,v2) € Q. Then, we find

Py (g, v) (v) + Ql<uz,vz 1€ fg o 0= a0 T, ()] g

vl \A4|
Al

a a &
|A4|2 '1' '/0 (@ 400 P (0 dt

- qT)(aigil) |}—qu2 (7)] dqT

+|A2|Z

Gi
a—17) / (Ci—qt )a i |]:qu2( )qu]

: |b| wi (B—0i—
|A| M gy @ a0 G (0 d

l
el L g G 0 e
0 d 0; o
2l ¥ gt [0 = a0 DG (1)
i= 1Fq

1 1 A 1 o
< ||(I>|{rq(“)/0 (V—qT)("‘ Dy T+M|[(|lx4—|g)/o (1—qT)("‘ ¢ 1)qu

a; Gi —
+|A4|qu<|l|/ (Ci*qT)( i )qu

®—0;)

Gi
cnl L et | <5i—qr><“-ﬂf-1>dqr]}

06—1’]1

Lyl e
. _ qr)(B—0i—1)
+||‘.PH|A| [|A4|qu(ﬁ 0,1) / (wl qT) qu

[ Az ! (B—0—1)
F— 1—gqt dgT
rq(ﬁ—ﬂ)/ (=a) |

0 d; i o
+’A2|Z L |Pz / (6; — qr)(F P quT]

v"‘ 1
= ||® 74_7

é"" i
A - vt
+‘ 2|Z|Cl| ’71+1)

(35)

éc“ Qi
Tqla—0i+1)

[ Ay
Fq(a —g+1)

+ [ A4 2 |al|

b= 1

w
A b-’—+A E
9/5 Pl 1

+||‘YHW

+’A2|Z|d|

——— | <||®||Y1 + |¥]Y2, Vv E[0,1].

In a similar manner, we obtain

[P2(u1,v1)(v) + Qa(uz, v2) (v)| < [|@Y5 + [[F]|Ys, Vv e[01]. (36)
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Therefore, we deduce

1P (ug, v1) + Qlug, va)lly = [P (w1, vi) + Qu(uz, va) [ + [1P2(ur, v1) + Q(wa, vl 57
< (Yi+Y3)[ @+ (Y2 + Yy [¥] <7,
thatis, P(uy,v1) + Q(ug, v2) € Q.
Subsequently, we will show that operator Q is a contraction mapping. Indeed, for all
(ug,v1), (up,v2) € Qp, by using assumption (J2), we obtain

1
|Q1(ug, v1)(v) — Q1(uz,v2)(v)| < Cuy (Yl - W) +1DuvY2/ Vv € [0,1], 8)
|Q2(ug,v1)(v) — Q2(uz, v2)(v)| < CuyY3 + Duv <Y4 — W), Yv € [0,1].
Therefore, we find
1Q(u1,v1) — Q(%Vz)gv )
= Yl”f)fqul))*D‘”(Yzmh D)
_ * 3 _ *
- | (» +rq(51+1>1)||u1 wl + (13 + rq(wl))nvl vl
% <Y1 Y- Cy(a+1)
+{<E*+E3 )||u — | + (fz*JrEZ >||v —v ||}
o6 +1) NG MCPE VDA
X <Y2+Y4 *71,‘1(‘3_’_1) (39)
— Kh*+b3 >(Y FRVAUNN S )
VTG D) R CTEY
. 3 1
+(81+Fq<5z;;1)) <Y2+Y4 EEY pul_””
st | (Y1 +Y )
*K“ﬁrq(gwl))( 1Y
+( & +1"('y24+1)) (Y2+Y4 )} [vi —va|
= &flug —wf| + L2[vi — V2| < £o||(u1,V1) (uz, v2)ly.

By condition (31), we conclude that operator Q is a contraction.
The operators P;, P, and P are continuous by the continuity of functions F and G.
Moreover, P is uniformly bounded on )y, because

Pa(a )l < prs sup (/'V<vqr><“-1>|fuv<r>|dqr)

q(a) ve[0,1]
1
< sup ®(v) sup / @1 g7
vel01] Tq(a) vel0,1] )
= [[®] sup @], V(u,v) €y,

veloq) Ta(@ +1) rq(“+1)

1 - ﬂ " (40)
P2t )] < 5 sup (/0 v = q0) DG ()] d

vel0,1]
< sup ¥(v) =—— sup (1/—q7.')(/5 Vgt
ve(0,1] g (ﬁ) vel0,1] 70 |
1
= ¥l sup & ], ¥ (u,v) € Qo,

V€01 (:B—i_l) q<:8+1)
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and then . ,
Puv)| € = ||®] + =

In the last part of the proof, we will prove that P is compact. Let v, v, € [0,1], v1 < v5.
Then for all (u,v) € Qp, we obtain

1, ¥ (u,v) € Q. (41)

|P1(u,v)(v2) = Pi(u,v)(v1)]

1 V2 1 "
_ (a—1) - _ (a—1)
{q(a) A (v, — q7) Fuy(T)dqT + Ty (@) /0 (v — qT) Fuv(T)dqT

(v2 = q0) D = (11 = q0) V]| o (1) dg

b [ = a0 Fu (1) T

< || 1{ rql(wv)z / (2 a0 — (11— q0) V| g (42)
+ To() /v1 (vy — qr) @) qu}
190 ey ( [ 0n = a0 Vg = [ 01— qr)e Vi)
= 1@l gy 08 D),
which tends to 0 as v, — v, independently of (u,v) € Q.
In a similar manner, we find
Pa(t,¥)(02) = Pafu)(00)] < ¥l =5 (v =), @)

which tends to 0 as v, — vy, independently of (u,v) € Q.

Therefore, the operators P;, P, and P are equicontinuous. Using the Arzela—Ascoli
theorem, we deduce that P is compact on (). Then, by the Krasnosel’skii fixed point theorem
(see [33]), we conclude that problem (1), (2) has at least one solution (u(v),v(v)), v € [0,1].

O

Theorem 3. Suppose that (J1) holds and the functions F,G : [0,1] x R* — R are continuous
and satisfy the assumptions (J2) and (]J3). If

My < 1, (44)
where My = max{MNy, M, } with
1 , b} ) 1 <* & )
My = - 4 ,
e () e (5 e s)
m -t (b*+ by )+ 1 <E*+EZ >
2T Tt D\ T Tq(n 1)) T+ )\ Tq(r2+ 1))

then problem (1), (2) has at least one solution (u(v),v(v)), v € [0,1].

Proof. We consider again, similar to the proof of Theorem 2, the positive number
r > (Y1 +Y3)|| @] + (Y2 + Yq)||¥]], and the closed set Qy = {(u,v) € V, |[(u,V)]]y < 7}
We also split the operator £ definedon Qgpas & = P+ Q, P = (P1,P2), Q = (Q1, D2),
where P;, Q;, i = 1,2 are given by (34). For (uy,v1), (up, v2) € Qp, we deduce, as in the
first part of the proof of Theorem 2, that || P(uy, vq) + Q(uz, v2)|ly <.
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In what follows we will show that the operator P is a contraction. Indeed, for (uy, v1),
(up, v2) € Oy, we obtain

|7’1(u1,V1 (v) — 7’1(u2/V2)(V)| ) ,

oc)/o Fulvl( )dq T+Fq( )/ (v—qr)(”"l)]-'um(r) dqT

< gy 40 Fu ()~ Faa ()] doe
1 (a— V¥ Cuv

<Cuv /0 v —qT) 1dr_CuVr WD) STty Vv elo,1], y

|7>z<u1,vl><v> P <um>< ) o (16)

) 0 (U_qT) gu1V1( )d T+I~q(‘3)/ (V_q’r)(ﬁil)gquz(T) qu

/0 (V - qT)(ﬁil) |gu1V1 (T) - gquz( )| qu

L B g ve Duv
gDuvrq(ﬁ)/ow a0 ot = D 03y S Ty (B 1)

IN

—
R}

/-\
=

Vve[0,1],

where Cyy, Dyy are given by (23).
So we conclude that

[P (uy,v1) = P(uz,v2)|ly

e Uhe ) R e G e )| (SR

N R >+ 1 (E*+ £ ﬂ\l ] (47)
To@+ D\ 2 " Ton+1)) " TqB+ DO\ ? To(n+1) /|17

= Mi|lu; — w|| + Mz|lvi = v2|| < Mol[(uy,v1) — (uz, v2)|lv,

that is, by (44), the operator P is a contraction.
By the continuity of the functions F and G, the operators Q;, Q and Q are continuous.
In addition, Q is uniformly bounded on (g, because we have

1
[Q1(u,v)(v)] < |i| {LXA‘L_Q/O (1—q7_—)(067g71)|]-'uv(77)|dq77
S R L (a—0i—1)
HA L gy fy a0 R (0 gt
- |cil 6i o a—1j—
+[Az| ; q({x_m)/ (i —q7)" V| Fav(t )|qu1
1 b b; wi
07141 gy =D () g
A ! (B—0-1)
+m/o (1—q1) |Guv (T)|dqT
100l & gt [0 = ae)® Y G ()] g
= Tq(B—pi) w 1 (48)
|A4| g”‘ Qi
<||c1>|||A| To(a—ct 1) +| 4\Z|ﬂz|m
a1
+|A2|Z|C1|Im
NTRs 1 A |2|b| W "Il
|A| 4 d(B—ci+1) T (p—0+1)
9,5 Pi
+|A2|2|d|w

= ||CD|| <Y1 — ) + ||1F||Y2, Vv e [0,1], (u,v) e ),

Fq(a+1)
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and

Gi
120 < {181 L g @ a0 @) g

T q(a—1;)
‘HA3| / (1—q71) (a—¢= l)|-7:uV( T)|dqT

+|Az] Z |al| ( — o) /él (& — qm) Y | Fuy (1) qu]

A A _ap)(B-0D)
a [Eq(ﬁ‘?/O (1 q0) =0 Gy (1) dy
_HAler (|ﬁ Pz)/ (9 _qT 'B pi~ |guv( )|qu

+A3|Z|bim/)wi(wi—qT)ﬁ oi— |guV( )|qu] (49)

1
?”‘ i | A
—ni+1) Tqla—g+1)

C"‘ Qz
—0i+1)
B—pi
\All 2 0;
ey M Y i
sy R LD UL oo vrayrrgy
B—o;
(U
A bj| ————
#
Tq(B+1)

+‘A3| Z |az|

— | ®[Ys+ ¥ (n - ) vue 01, (uv) € Op.

Therefore we deduce

+¥IY2, V(uwv) €O,

1
W), Y (u,v) € Q,

1Qi(w V)| < |l (Yl - rqml+1>>

(50)
1Qa(u ) < @] s + %] (n -

and then

1

2wl < 19145~ ety )+ 19 (Y ¥~ gy

>, V(u,v) € Qp, (51)

that is, Q is uniformly bounded on ).
We finally prove that operator Q is compact. Let vy, v» € [0,1], v; < v5. Then for all
(u,v) € Qp, we find

1Q1(u, v)(v2) = Q1 (w,v)(v1)]

1/"‘_171/0‘_1 |A| 1
< 2 L || { 4 1—qn)@ Vgt
> |A|a | ||| Fq(lxg_ Q)/O( q ) q
a; i
HAL Y c—qr)@e Vg ¢
| 4|i_1rq(0¢—Qi)/0 (g q ) q
= il G - (52)
+]A L i—qn)@e g ¢
L s [ a0 g

a—1 a—1 b

" |b| i —i—1
+2 "y ia / )il g
N H | l| 4|1;1 l“q A (w; —q7) qT
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0 6;
+| Az Z i / (6; —qr) PPV d, T
-1 Tq(B—pi)
-1 _ i 1 =0
v~y |A4| 5
= A _—
|A| ” H ( +| 4‘2| l| — 0 +1)
é“ i
A -t
1/tx—l zx 1 wﬁ*”i |A2|
+7 ¥l ||A b; +
| | ” ” | 4|2| | ﬁ 0.+1) Fq(ﬁ—19+1)
9 —Pi
+|A di| =——t+——
el S 5
1
(=1 x— _ __
=y >[||<1>|| (Y- )+ I¥IYe)
which tends to zero as v, — v1, independently of (u,v) € Q).
In a similar manner, we obtain
|Q2(u,v) (v )—Qz(u v)(v1)]
-1 [ ( 1 )} (53)
< (v 1/ DY+ ||F]| [ Y — |,
087 o D 191 + 190 (Y - 5

which tends to zero as v, — v1, independently of (u,v) € Q).

Therefore the operators Q;, Q> and Q are equicontinuous. Utilizing the Arzela—
Ascoli theorem, we ascertain the compactness of Q on ). Consequently, employing
the Krasnosel’skii fixed-point theorem, we deduce the existence of at least one solution
(u(v),v(v)) v € [0,1] to problem (1), (2) O

The forthcoming result relies on the Schaefer fixed-point theorem (refer to [34]).

Theorem 4. Suppose that assumption (J1) holds. In addition, we assume that the functions
F,G :10,1] x R* — R are continuous and satisfy the condition

(J4) There exist positive constants Ty, T, such that

|f(U/X1/X2/X3/X4)| < Tl/ | ( X11X2/X3/X4)| < TZ/

Vvelol], ;R i=1,...,4 (54)

Then, there exists at least one solution (u(v),v(v)), v € [0,1] of problem (1), (2).

Proof. We prove firstly that operator £ is completely continuous. Operator £ is continuous.
Indeed, let (u,,v,;) € V, n € N, with (uy,v,) — (u,v), asn — oo in V. Then, for each
v € [0,1], we deduce, as in the proof of Theorem 1, that

€1(ay, %) (V) — E1(w, ) 0)
< it = 0O Fa (7) = Fan () e

1 | Ay ! (a—c—1)
A [Eﬂ“—lg)‘/o(lg A Ve (1) = Far(D)] g
a; i
A A c—qgqr)@e|F, — Fu(1)|d
ML gy 6 a0 Y B, () Fal)l dae 55)
- |cil Ci
Al Y e [ (g = qT) @ Fy (T) = Fa (1) dq T
| 2|l e o T o, (7) ~ P ()1 o

b wi
T8 |1 2 iy = )G (6) = G (1) e
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1
n |Az] )/ (1—q7) B2V |Gy v, (T) — Guv(T)|dqT

Iq(B—1) Jo
o |di] 1
+A2|i:211~q(ﬁ_pi)/ (6= 40) 0D G, (7) = G (7)] T

and

ngir('”,) (= 0 Py (1)~ Favl(0)] do
(1= q0) ]y (1) = Fan (D] T

sl 1l (¥ = e (0 —fuv<r>|dqr]
- _/O”@_qf DGy, (7) = Gun (7) | dgT

g =016, (1) - Gun(0) T

) / (9 B qT) (h=ri= |gunvn( ) - guv(T)‘ qu

; Lq(B—pi
o |y
D vy

Because F and G are continuous, we obtain

/wi(wl ) :B i— |gunvn( ) — qu(r)| qu] .

|funvn(T) - uv(T)l = [F (T, un (1), v (1), T (7), TV (7))
(T, u(7),v(7), 1 u(7), 1}v(1))| = 0,
|Qunvn(7) —Guw(7)| =14(7, un(T)rVn(T)/Iﬁzun(f)flgzvn(f))
=G(t,u(7), ¥(1), Igu(1), IPv(1) = 0,
as n — oo, for all T € [0, 1]. Therefore, by the inequalities (55)-(57), we find
1€1(un, vi) — E1(0, V)| = 0, ||E2(un, Vi) — E2(u,v)|| = 0, as n — oo,

and then
1€ (un, vin) — E(u,v)|ly — 0, as n — oo,

that is, £ is a continuous operator.

(56)

(57)

(58)

(59)

In what follows, we prove that £ maps bounded sets into bounded sets in V. For R > 0,
let M = {(u,v) €V, [[(uv)|ly < R}. Then, by using the inequalities (54) and similar

computations as those from the first part of the proof of Theorem 1, we obtain
1E1(u,v)(v)| £ ThY1 + ToYa, [E(u,v)(v)] < T1Ys + ToYy,
forallv € [0,1] and (u,v) € Q1. Then, we deduce
IEV)ly < Ti(Y1+Y3) + Ta(Ya+Ys), V(u,v) €y,

that is, £(()1) is bounded.

(60)

(61)

Subsequently, we will demonstrate that £ transforms bounded sets into equicontinu-
ous sets. To illustrate this, consider v1,,1, € [0,1] withv; < 1, and (u,v) € Q7. Employing
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computations akin to those found in the proofs of Theorems 2 and 3, we arrive at the
following conclusions

|€1(w,v) (v2) = & (u,v) (1))
< |731(11}rV)(V2) = Pi(u,v)(v)| + |Q1(uiV)(V2) — Q1(uw,v) (1)
< rny )[R0 - ) e o0 .
1£2(u,v) (v2) — &2(u, V) (11)]
< |P2(;/V)(V2) — Pa(u,v)(v1)| + Q2 (u, v)(v2) N Q2(u, v)(v1)|
Smprn T [T1Y3 " T4(Y4 LB+ 1)” (i) =0

as v, — v1, independently of (u,v) € .

Therefore, the operators £ and &, are equicontinuous, and so £ is also an equicontin-
uous operator on (). Then, the operator £ : (), — V is completely continuous using the
Arzela—Ascoli theorem.

In the concluding section of the proof, we establish the boundedness of the set
Z={(uv) eV, (uv) = A&(uv), 0 < A < 1}. Take (u,v) € V, implying there
exists A € [0,1] such that (u,v) = AE(u,v) oru(v) = A& (u,v)(v) and v(v) = A& (u,v)(v)
for all v € [0,1]. Utilizing (J4), we infer, similarly to the initial part of this proof, that

[u(v)| = A& (u,v)(v)] < [&1(u,v) (V)| < T1Y1 + ThY,, Vv e|[0,1],

(V)] = Al&a(u,v)(1)] < [Ea(u,v)(1)] < TyYs + TaYs, Vv e [0,1], (63)

and then
[(wv)ly = [[ull + Iv]l < Ti(Y1 +Y3) + T2(Y2 + Yy). (64)

This final inequality indicates the boundedness of the set Z. Consequently, employing
the Schaefer fixed-point theorem, we establish the existence of at least one fixed point
for the operator £. Thus, problem (1), (2) possesses at least one solution. This concludes
the proof. O

In the subsequent existence theorem, we will employ the Leray—Schauder nonlinear
alternative (refer to [35]).

Theorem 5. Assume that assumption (J1) holds. In addition, we suppose that the functions
F,G :10,1] x R* — R are continuous and the following conditions are satisfied

(J5) There exist the functions ¢y, ¢ € C([0,1],R.) and the functions ¢y, P, € C((R4)*, R4)
nondecreasing in each of variables such that

| F(v,x1,X2,%3,%4)| < @1(v)P1(|x1], [x2], [x3], |Xal), (65)
|G (v, x1,%2,%3,X4)| < @2(V)2(|x1], x|, [x3], |Xal),

forallv € [0,1], x; €R, i=1,...,4
(J6) There exists a positive constant V such that

|4 |4
v,V, , Y +Y
lortin n@+n1wm+9)(1 ?

(66)
Hloalva(V. V.

, Y +Yy) < V.
o +1) Fq(72+1)>( 2 Y4)

Then, the q-fractional boundary value problem (1), (2) has at least one solution
(u(v),v(v)), v e[0,1].
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Proof. We define the set W = {(u,v) € V, ||(u,v)|[yy < V}, where V is the constant given
by (66). The operator £ : WW — V is completely continuous. We suppose that there exist
(u,v) € 9W such that (u,v) = u&(u,v) for some y € (0,1). Then, we obtain

u(v) = e 0] < B0
< loallon (Il IV 5y o )

bl MY
ol g2 (il ML ey e 1 ) Y2 o
VOl = gl 0] < B0l

u \

< ull, IVl ,

< a9 (Bell IV gy Foy )

+||<oz||¢2(||u|,|v|, lull” "l )n,
Tq(62+1)" Tq(72+1)

for all v € [0,1], and so we find

1w, v)lly = [lul +[v]

< lalpr (Il M1, gy oy ) (Y + Y3
el o (Jull, 1, s e ) (Ya +Ya) .
|

s||¢1|¢1(|<u,v>|v,||<u, )y r'(;‘ Al el ) 4+ o)

gl o (109 1)l 0 r'q((‘i;z ) o+ va),

Therefore, we deduce

|4 |4
7 4 7 Y Y
v e (v27. 5 rqum)( 1) .

v
+ v,V, , Yo+Yy)| <1,
o 42(V.Ve oy ) 0+ )

which, by (66), is a contradiction.

We conclude that there is no (u,v) € oW such that (u,v) = u&(u,v) for some
u € (0,1). Consequently, by employing the Leray-Schauder nonlinear alternative, we infer
that £ possesses a fixed point (u,v) € W, serving as a solution to problem (1), (2). This
concludes the proof. [J

4. Examples
1 _5 _ _ 10 _ _ 3 _ 71 __ 48 _ 9 _ 6
Letq 27 *i/n*3/,8*?/m*4/51*ﬁ/’)’l*g/(szfli/’yzfﬁrg*g/
— — — — _ 2 _ 5 _ 2 _ 21 _ 1 _ 1 _ 1
19—7/ﬂ—b—c—0—1f€>l—3/‘71—1/'71—3471—@,61—g,wl—z,él—g,
4 —
1 = 16/a1 3,bp = 12/C1 15/d1__2'

We consider the system of g-difference equations

(DY30) () + F (v, u(v), v(v), B (), FPv(v) =0, ve (0,1),
(DY) W) + G (v, @), v(v), 13 u(w), 1552 (v) ) = 0, v € (0,1),

with the boundary conditions

u(0) = Dy 5u(0) = 0, Df/3u(1) = 30¥/3u(§) — HD}Av(3), o
v(0) = Dy ,v(0) = D2 ,v(0) = 0, D/3v(1) = 4D2/2u( )—ZDEQOV(%).
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By using the Mathematica program, we obtain A1 ~ 1.05480868, A, ~ —0.48038739,
A3 ~ 0.10410274, A4 =~ 3.76405767, and A =~ 4.02037036 # 0. Therefore, assumption (J1)
is satisfied.

In addition, after some computations, we find Y1 ~ 1.37638598, Y, ~ 0.16737542,
Y3 ~ 0.02789379, and Y4 = 0.49956085.

Example 1. We consider the functions

in(3 2 1 1
Fv,uv,x,y) = M + Ze=(v=1)? Vvuz4+1-— ﬁefz"s“ arctan v

Vid+2 9
+L sinx — v cos?
12+ 1) 25 % Y 72
G(v,u,v,x ):—v2+5+;sin2u— 2 vl —lx
G ats 8(v+1) 312 +4)1+ [v] 2
I S A
6(13+1)y2+1’
forallv € [0,1], u,v,x,y € R.
For these continuous functions, we obtain the following inequalities
|]:(V/u1/V1/X1/Yl) _f(U/UZIVZ/X2/y2)|
< Hi(v)[u —ug| + Ha(v)[v = va| + Ha(v) [ —xaf + Ha(v)ly1 - yal, 7
_ (73)
|g(vl ui, vi, X]ryl) g(V, up, Vv, X2/y2)‘
< Ki(v)[ur —uz| + Ko (v) vy — va| + Ka(v) [xq — x| + Ka(v)|y1 — yal,
forallv € [0,1], u;, v, X;,yi € R, i =1,2, where
1 2 1 3 v 6v
_ 11 _ L2 __ v _ o
Ha(v) = ge , Hav) = e r Halv) = gy M) = o5 78)
1 2 1 1
IC](V) = m, ’C2(V) = m/ IC3(V> =5 ’C4(V) = m,

forall v € [0,1]. The functions H;, IC;, i = 1,...,4 are continuous, and we find b ~ 0.11111111,
by ~ 0.15989893, h; = 0.125, h; = 0.24, £ = 0.25, &5 ~ 0.01612903, £; = 0.5, and
€ ~ 0.16666667. In addition, we obtain ®; ~ 0.46864611, ®, ~ 0.41971398, and so
©p = ©1 < 1. Therefore, assumption (J2) and condition (16) are satisfied. Then, by Theo-
rem 1, we deduce that problem (70), (71) with the functions F and G given by (72) has a unique
solution (u(v),v(v)), v € [0,1].

Example 2. We consider the functions

Flv,u,v%y) = cos(’+7) 1 4ut+1 (V0 42)e ¥ sinv
e 2v+5 v2+6 ut+3 6(vt+27)
—#COSZX—FL b
8(12+1) v+41+3ly| (75)
g(vuvxy):—e_v+4 + ! u vl eV
U, V, X, 3U2+1 V2+7u2+1 9 1/4_'_5
+£Sin2x_w
11 6(1+4ly|)’

forallv € [0,1], u,v,x,y € R. For these continuous functions, we obtain the following inequalities

A NS WP
(76)

=:¥(v),

F(v,uv,xy) <
| (Vuvxy) 21/+5+1/2+6+ 6(V4+27) +8(1/2+1)

|G(v,u,v,x,y) < e + ! + vil +£+l
VAT /Y = 3V2+1 2(1/2+7) 9\/m 11 24
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forallv € [0,1], u,v,x,y € R. In addition, we find
|]:(V/ uq, vy, X1, Y1) - -F(V/ up, Vv, Xp, Y2)|
< Hi(v)|w —wo| + Ha(v)[vi —vo| + Ha(v)Pxa =l + Ha(W)Iy1 —y2l ()

|G(v,u1,v1,x1,y1) — G(V,uz,v2,X2,¥2)|
< Ki(v)|ug —wa] + Ko (v) vy — va| + K3 (v) [x1 — xa| + Ky (v)[y1 — yal,

forallv € [0,1], u;, v, X;, yi € R, i =1,2, where

29678 (1P 42)e W v 1
Hi(v) = 256 Ha(v) = Wr Ha(v) = 402 +1) Ha(v) = V4 78)
1 0.8578(v +1 4 v
Ki(v) = L7 Ka(v) = m, Ks(v) = 11 Ka(v) = 5

for all v € [0,1]. Therefore, assumptions (J2) and (J3) are satisfied. In addition, we obtain
bt ~ 0.49463333, b3 ~ 0.03355903, h% = 0.125, b = 0.25, £ ~ 0.14285714, £ ~ 0.07782119,
€3 ~ 0.36363636, £; ~ 0.16666667, and so £1 ~ 0.56557327, £, ~ 0.25625052, and £9 = £1 <
1. Then, condition (31) is also satisfied. Therefore, by Theorem 2, we conclude that problem (70),
(71) with functions (75) has at least one solution (u(v),v(v)), v € [0,1].

Example 3. We consider the functions

—4v+3 1
Fv,u,v,x,y) = :;m cos(uv + x* — y) — 8\3/ v2 +12,
2 V2 4y’ +1 )
G(v,u,v,x,y) = e (WHY)" _arctan v/x2 4+ 2 + —sin(2v 4+ 1),

2(v+1) v’ +3 y2+3
forallv € [0,1], u,v,x,y € R. For these continuous functions, we obtain the following inequalities
|F(v,u,v,x,y)| <204919 =Ty, |G(v,u,v,x,y)| < 4.0708 = Ty. (80)

Therefore, assumption (J4) is satisfied. Then, by Theorem 4 we infer that problem (70), (71)
with functions (79) has at least one solution (u(v),v(v)), v € [0,1].

Example 4. We consider the functions

2 - 1 V2 +4y? 1
F(v,u,v,x,y) = B 5 4 g: * sin(u2 —8v+ x3) A 2—; Y arctan 1}1}2—&-—:;7 + 9),
(81)
3 4u — 5y B CVATX  (ugsy 2
G(v,u,v,xy) = A7 ( 5 cos(ux — 3vy) 1 ¢ )

forallv € [0,1], u,v,x,y € R. For these continuous functions, we obtain the inequalities

lu|  mlv| | 3x] | mly] 43
< vy oXp Tyl 40
|F(v,u,v,x,y)| < 1/34“:.-,(34 + 54 + 34 + 27 +306 ’

3v (4IUI vl 71X, Syl 2)

(82)

et

<
‘g(l/, w v, X, Y)| 43 11 11 43 15

1471

forallv € [0,1], u,v,x,y € R. Therefore, the continuous functions ¢;, ;, i = 1,2 from (65) are
given by

(V)—i (abcd)—i—l—lb—i-Eled-i-ﬁ
T I e A VI T VIREE Y A 83)
(1/)—371/ (abcd)—4—a+£+ﬁ+fd+£
V)= pebed =gttt tn

forallv € [0,1] and a,b,c,d € Ry; that is, assumption (]J5) is satisfied. In addition, we find
@1l = % and |@2|| = 2. IfV > 0.1, then assumption (J6) is also satisfied. Therefore,
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by Theorem 5, we conclude the existence of at least one solution (u(v),v(v)), v € [0,1] for problem
(70), (71) with functions (81).

5. Conclusions

In this study, we explored the existence and uniqueness of solutions to a system of
fractional g-difference equations with fractional g-integral terms (1), subject to the multi-
point boundary conditions (2), which encompass g-derivatives and fractional g-derivatives
of diverse orders. We associated an operator (£) on the space V with our problem, where
the solutions of (1) and (2) correspond to the fixed points of this operator. Consequently,
our main results involved the utilization of various fixed-point theorems, including the
Banach contraction mapping principle (employed in Theorem 1), the Krasnosel’skii fixed-
point theorem for the sum of two operators (applied in Theorems 2 and 3), the Schaefer
fixed-point theorem (utilized in Theorem 4), and the Leray-Schauder nonlinear alternative
(employed in Theorem 5). To exemplify our findings, we concluded by presenting several
illustrative examples.
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