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Analytical solution of Eq. 1 

The solutions to Eq. 1 for conditions (i), (ii), (i’), and (ii’) are as follows. 

𝑑𝑥

𝑑𝑡
= 𝑎{𝑓(𝑡) − 𝑥}      (1) 

For (i) and (ii), Laplace transform may be applied.  

𝑋(𝑠) =
𝑥(0)

𝑠+𝑎
+

𝑎

𝑠+𝑎
𝐹(𝑠), 

where X(s) and F(s) are the Laplace transforms of x(t) and f(t), respectively. 

 

(i) 𝑓(𝑡) = 0, 𝑡 < 0 and 𝑡 > 𝜏;   = 𝐾, 0 < 𝑡 < 𝜏 

𝐹(𝑠) = ∫ 𝐾𝑒−𝑠𝑡
𝜏

0

𝑑𝑡 =
𝐾(1 − 𝑒−𝑠𝜏)

𝑠
 

As 𝑥(0) = 0, the inverse Laplace transform provides 

𝑥(𝑡) = 𝐾𝑎[(1 − 𝑒−𝑎𝑡) − 𝐻(𝑡 − 𝜏){1 − 𝑒−𝑎(𝑡−𝜏)}]. 

Here, 𝐻(𝑡) denotes the Heaviside function. 

 

(ii) 𝑓(𝑡) = 0, 𝑡 < 0 and 𝑡 > 𝜏;   = −𝑘(𝑡 − 𝜏), 0 < 𝑡 < 𝜏 

𝐹(𝑠) = −𝑘 ∫ (𝑡 − 𝜏)𝑒−𝑠𝑡
𝜏

0

𝑑𝑡 = −
𝑘(1 − 𝑒−𝑠𝜏)

𝑠2
+

𝑘𝜏

𝑠
 

As 𝑥(0) = 0, the inverse Laplace transform provides 

𝑥(𝑡) =
𝑘(1+𝑎𝜏)

𝑎
(1 − 𝑒−𝑎𝑡) −

𝑘

𝑎
𝐻(𝑡 − 𝜏)(1 − 𝑒−𝑎(𝑡−𝜏)) − 𝑘{𝑡 − 𝑅(𝑡 − 𝜏)}. 

Here, 𝑅(𝑡) denotes the Ramp function  

𝑅(𝑡) = 𝑡 at 𝑡 > 0; = 0 at 𝑡 < 0. 

 

For (i’) and (ii’), Fourier series may be applied.  

(i’) 𝑓(𝑡) = 0 at − 𝜏 < 𝑡 < −
𝜏

2
 and 

𝜏

2
< 𝑡 < 𝜏, ;    = 𝐾 at −

𝜏

2
< 𝑡 <

𝜏

2
 

𝑥(𝑡) = ∑ 𝑐𝑛𝑒𝑖
𝑛𝜋𝑡

𝜏∞
𝑛=−∞ ,   𝑓(𝑡) = ∑ 𝑓𝑛𝑒𝑖

𝑛𝜋𝑡

𝜏∞
𝑛=−∞ , 

where cn and fn are complex Fourier coefficients of x(t) and f(t), respectively. 

 

Applying the Fourier series to Eq. 1 yields 

𝑐𝑛 =
𝑎𝑓𝑛

𝑎+𝑖
𝑛𝜋

𝜏

. 

Here, 



𝑐𝑛 =
1

2𝜏
∫ 𝑥(𝑡)𝑒−𝑖

𝑛𝜋𝑡
𝜏 𝑑𝑡

𝜏

−𝜏

, 𝑓𝑛 =
1

2𝜏
∫ 𝑓(𝑡)𝑒−𝑖

𝑛𝜋𝑡
𝜏 𝑑𝑡

𝜏

−𝜏

 

These yield 

𝑥(𝑡) = ∑
𝑎

𝑎+𝑖
𝑛𝜋

𝜏

𝐾

𝑛𝜋
sin

𝑛𝜋

2
𝑒𝑖

𝑛𝜋𝑡

𝜏∞
𝑛=−∞ . 

Using trigonometric function, x(t) becomes  

𝑥(𝑡) =
𝐾

2
+ ∑

𝐾

𝑛𝜋
sin

𝑛𝜋

2

2𝑎

𝑎2+(
𝑛𝜋

𝜏
)

2 (𝑎 cos
𝑛𝜋𝑡

𝜏
+

𝑛𝜋

𝜏
sin

𝑛𝜋𝑡

𝜏
)∞

𝑛=1 . 

(ii’)  𝑓(𝑡) = 0 at − 𝜏 < 𝑡 < 0;   = −𝑘(𝑡 − τ) 0 < 𝑡 < 𝜏 

 

The same procedure for the given f(t) yields 

𝑥(𝑡) =
𝑘𝜏

4
+

1

2𝜏
∑

𝑎

𝑎2+(
𝑛𝜋

𝜏
)

2 [
2𝑘𝜏2

𝑛𝜋
{𝑎 sin

𝑛𝜋𝑡

𝜏
−

𝑛𝜋

𝜏
cos

𝑛𝜋𝑡

𝜏
} − 𝑘 (

𝜏

𝑛𝜋
)

2
(cos 𝑛𝜋 − 1) {2𝑎 cos

𝑛𝜋𝑡

𝜏
+∞

𝑛=1

2𝑛𝜋

𝜏
sin

𝑛𝜋𝑡

𝜏
}]. 

 

 


