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Abstract: In this work, we study the topological phase transitions of a Kitaev chain generalized by
the addition of nearest-neighbor Coulomb interaction. We show the presence of a robust topological
phase as a function of the interaction strength and of the on-site energy with associated non-zero
energy Majorana states localized at the chain edges. We provide an effective mean-field model that
allows for the self-consistent computation of the mean value of the local particle number operator,
and we also perform Density Matrix Renormalization Group numerical simulations based on a
tensor network approach. We find that the two methods show a good agreement in reporting the
phase transition between trivial and topological superconductivity. Temperature robustness within
a physically relevant threshold has also been demonstrated. These findings shed light on an entire
class of topological interacting one-dimensional systems in which the effects of residual Coulomb
interactions play a relevant role.
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1. Introduction

In the last two decades, topological superconductivity has attracted growing interest,
not least because of its potential role in building decoherence-protected, fault-tolerant
quantum electronics that are more stable [1-9]. The simplest model of topological super-
conductivity was proposed by Kitaev in 2001 [10]. It consists of a p-wave superconducting
wire, known as the Kitaev chain, in which two zero energy excitations, called Majorana
zero modes (MZMs), nucleate at both edges of the wire. This model reproduces essential
features of a Symmetry-Protected Topological State [11-16]; in particular, the particle-hole
symmetry protects the two MZMs from external perturbations until the bulk gap closes.

MZMs are promising candidates as qubits in topological quantum computers [17-23]
due to their non-abelian anyonic nature, characterized by degenerate energy states and
distinct fermion parities. Compared to fermions and bosons, anyons exhibit different
statistics, the so-called braid group statistics. When we exchange two non-abelian anyons,
we obtain a matrix transformation that encompasses the entire degenerate subspace [24].
This unique property of non-abelian anyons allows for the implementation of quantum
logic gates through anyon braiding.

In a condensed matter context, evidence of non-trivial topological phases has been
seen in several systems of different origins [25-38]. Among the proposed models, a no-
table approach, based on semiconductor—superconductor heterostructures, has garnered
attention [39,40]. In this proposal, a semiconductor wire characterized by strong spin—orbit
coupling, such as InAs, is coupled with an s-wave superconductor like Nb, upon the
application of an in-plane magnetic field. The emerging system reveals the presence of
non-trivial topological phases with the appearence of MZMs.
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Considerable efforts have been made to study how Coulomb interactions influence
the properties of one-dimensional systems exhibiting topological phases, including Kitaev
chain models. Understanding the robustness of topological phases to interactions [41-44]
has remained an elusive challenge up to now. In particular, previous works have studied the
effects of Coulomb interaction beyond the mean-field approximation. Since the Kitaev chain
model can be mapped to a spin chain model through the Jordan-Wigner transformation,
some works have explored the effects of Coulomb interaction using numerical methods,
like the Density Matrix Renormalization Group (DMRG) [45-52]. Exact solutions, however,
are obtainable only within certain parameter regimes [53,54]. Investigations leveraging
field theoretical /renormalization group methods [55,56] and bosonization [57], as well as
combinations of these methods [58,59], have shed light on critical aspects of these systems.
In particular the presence of strong electron—electron interactions destroys the topological
phase by suppressing the superconducting gap, and repulsive interactions actually increase
the parameter range for which the topological phase exists.

In this paper, we demonstrate that a self-consistent approach to the mean value of
the local particle number operator of the interaction is able to provide an effective mean-
field model that accurately describes the physical properties of the system. We present a
comprehensive analysis of the topological phase diagram of the model, in both repulsive
(U > 0) and attractive (U < 0) regimes. Moreover, we also perform DMRG numerical
simulations [60] for comparison and to test the bona fides of our protocol. Our results
demonstrate that the self-consistent mean-field approach is accurate in describing the
topological trivial phase transitions. We also comment on the potential role and limitations
of such an approach.

This paper is organized as follows: In Section 2, we introduce the Kitaev chain model
with the nearest-neighbor Coulomb interaction. This section explains the application of
the self-consistent method at both zero and finite temperatures. Section 3 shows numerical
results, obtained by the self-consistent method and the DMRG technique. This section
also explores how temperature affects the topological phase. Conclusions are drawn in
Section 4.

2. Theoretical Model

We consider the Kitaev chain with nearest-neighbor Coulomb interaction [52,53], a 1D
model comprising N interacting spinless fermions with a p-wave superconducting pairing,
treated in the mean field. It is described by the following Hamiltonian:

s 1 N[ t RSl t oAt
A=-fY (h-1)-w 21 (e +eta ) + 21 (A7 ety +86¢)
j= j= =
N-1
+U Y (225 —1) (2441 — 1), 1)
j=1

where é;r and ¢; are the fermionic creation and annihilation operators, respectively; 71; = éTéj

is the local number operator that describes the occupation of fermions on each site; ;4] is
the on-site energy; w is the hopping amplitude; A = |A| ¢'? is the superconducting pairing
constant; and U is the strength of the Coulomb interaction that can be either attractive
(U < 0) or repulsive (U > 0). The superconducting pairing, which creates and annihilates
pairs of electrons, leads to the formation of Cooper pairs inside the wire. As a consequence,
the particle number is not a conserved quantity of the system, whereas the fermion number
parity is conserved.

2.1. Mean-Field Approximation

We can treat the nearest-neighbor interaction in the mean-field approximation by
assuming that the mean value of the local particle number (7;) is non-zero and neglecting
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the fluctuations, 671; = f1; — (#;), around their respective mean values up to the first order.
Then, the Hamiltonian (1) becomes the following:

A

N-2
B =~ =200 2 3) = Dl = 5 {0 =4 ({0 + (i) ~ 1))
j=
—[u—-2U2(nny-1) —1)] AN

N-1 N-1
JEN JEEA A At ~ A
—w Z (C] C]‘+1 +Cj+1 C]) =+ Z (A* Cj+l C]‘ +AC]'C]‘+1). (2)
j=1 j=1

The mean-field approximation redefines the on-site energy term, resulting in a D-
symmetry class for the new Hamiltonian (2) equivalent to the non-interacting case [10].
The additional mean-field terms coming from the decoupling of the interaction correspond
to bond operators whose expectation values slightly renormalize the hopping and the
superconducting gap and are taken into account in the bare values of t and A [61].

The diagonalization of the Hamiltonian (2) is achieved through the Bogoliubov—de
Gennes (BdG) formalism [62]. We define the Nambu spinoras ¢ = (&1, -+, én, &1, - - -, 6}\,)t.
Consequently, the Hamiltonian is transformed into H = 1 ¢ Hp,c §.

Further, the Hamiltonian is reformulated in the diagonal basis as H = % E'Hpyc &

2 N PN A4\t . . . .
Here, ¢ = (le, <o+ AN, a{,- -, oc;r\]) represents the Nambu spinor in the diagonal basis,

with the indices corresponding to positive energy (particle-like) excitations, and U, the
unitary matrix of eigenvectors of Hp;g, connects ¢ and ¢ as

§ = UE. 3)

The quasiparticle fermionic operators &, and &/, follow canonical anticommutation
relations. The diagonal matrix Hpyg = U' Hpyg U is of size 2N x 2 N with excitation
energies on its diagonal. In this diagonal basis, the Hamiltonian (1) represents free quasi-
particles. The Hamiltonian dependence on the mean values of the local particle number (7;)
necessitates a self-consistent approach. In Figure 1, we report a sketch of the self-consistent
algorithm in which the convergence is assured by monitoring, for two consecutive steps of
the algorithm, “old” and “new”, both the self-consistently calculated mean values of the
local number operator and the variance:

= —= 2
o = <H§dc [finew] >01d — (Hpag [flo1a] ) o1
_ _ 2
= Uy1g Hp g [finew] Uota — (UJM Hpac [fo1) uold) - (4)

This condition guarantees that the energy spectrum of the excitations converges.

Initialize Compute Eigenvalues and Eigenvectors
Start — —— Ty
() o1 Heac [<n>"“]

J
’<szsz [@neW] >O,d - <HBdG [ﬁ"ld] >de

<ﬁj>new - <ﬁj>old| <e

I Yes

Compute <e

<ﬁ> new

<ﬁj >old = <ﬁj >new

|
Return Eigenvalues and Eigenvectors
HBdG’ [(ﬁ)new] Stop

Figure 1. Flowchart of the self-consistent method used to calculate the excitation spectrum and

mean value of the local number operator (71),,,,. The way ()
zero-temperature case from the finite-temperature case.

zew 15 computed differentiates the
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The application of the BAG formalism makes it possible to examine in detail the
distinctive features of MZMs, in particular their robustness and localization at the chain
edges. These aspects are crucial for differentiating the topological from the trivial phase.
We use the lowest particle-like excitation energy (minimum absolute value of the excitation
spectrum) as an indicator: a null value indicates a possible topological phase, while a non-
zero value signals the trivial phase. Furthermore, through the self-consistent method, we
can investigate the localization of the MZMs at the edges of the system. This is performed
by detecting the peaks of mean value of the local number operator at the extremes of
the chain.

In this work, we use a mean-field approach at both zero and finite temperatures, as
discussed in the following subsections.

2.1.1. Zero-Temperature Case

At zero temperature, the mean value of an operator coincides with that in respect to
the system ground state. When the ground state exhibits a degeneracy mggs, the mean
value of the local particle number is given by

1 mdgsfl
(nj) = Y. (GS|nj|GS), (5)
Mdgs Gs—o

where the sum extends over the degenerate ground states |GS). In our scenario, the system
has a single ground state |0) in the trivial phase (where 144, = 1) and a doubly degenerate
ground state |0), |1) in the topological phase (with mggs = 2). The two states differ in the
occupation of a non-local zero energy fermionic mode.

The mean values of the local number operator with respect to the ground state
(ml|nj|m) = <m|€;r ¢jlm) = (&*¢), (m = 0,1) are derived using the following relation-

ship between the 2 N x 2 N correlation matrices in the no-diagonal basis § and diagonal

basis &:
<2Cj+>m <frc2m —u <:X+oi++>m <Aa+0i>m u‘[" (6)
(€'er),, (€6, (%), (a%a),

The elements in Equation (6) are N X N submatrices. The correlation matrix in the rhs
of Equation (6) is known. Since the quasiparticles are free and |1) = &;|0) is the occupied
degenerate state in the topological phase, the following relations hold:

n
(&} &s)o =0 (&} a1 =0 7)

Then, the mean values of the local number operator are computed self-consistently by
selecting the diagonal values of the submatrix (¢1¢),.

2.1.2. Finite-Temperature Case

At a finite temperature, the mean value of the local particle number operator is
computed using the component-wise form of Equation (3):
6] = Zul‘,m&m =+ U;F,mﬁé:n
m
(®)
C}L =Y 0j il + Ul
m

Moreover, the mean thermal values of the local quasiparticle number operators are
expressed as follows:
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<5‘:rn&n> = Omnf(En) )
(Bmln) = <5‘;15‘;> =0.
As a consequence, the mean thermal value of the particle number operator reads
as follows:
<ﬁ]> = 2 |uj,m
m

where f(E;) = (1+ exp[E,/(kgT)])~! is the Fermi-Dirac distribution function and E,
represents the energy of excitations. It is noteworthy that the sum in Equation (10) runs
over states m with positive energy. The coefficients u; ,, and v; ;, are determined by solving
the BAG equations:

2f(Em) + |vj,m|2[1 = f(Em)], (10)

Ul m Ul m
UN,m UN,m
Hpag =E, m=1,...,N. (11)
U1,m 01,m
UN,m ON,m

3. Numerical Results

From the self-consistent method outlined in Figure 1, we can obtain the phase diagram
in the (U/w, u/w) parameter space by using the lowest particle-like excitation energy as
an indicator of the existence of a topological phase, as shown in Figure 2a. The method
well describes the topological and trivial phases of the system. Indeed, when the system
is in the topological phase, zero-energy excitations are present, as depicted in Figure 2b.
From Figure 2c, it can be observed that the self-consistent method converges for U/w < 1,
though it does not capture the density wave (DW) phase, which occurs when U/w > 1 [52].
In the strong coupling limit, in fact, one expects a charge density wave that can be either
commensurate or incommensurate with the lattice spacing. These phases are characterized
by a modulation of the mean value of the local particle number in the many-body ground
state. To detect them, we need either to generalize our mean-field algorithm or rely on the
DMRG [Figure 3b] that captures them well. The results showed in Figure 2 are obtained
by setting a limit of 500 maximum iterations for the self-consistent loop at a specific point
in the phase diagram. We observed that the algorithm converges quickly, often within a
hundred iterations, at points within the trivial and topological phases. However, along the
transition line between the topological and trivial phases, the convergence of the algorithm
is slower or not reached.

Additionally, we noticed that for some points it is necessary to increase the number of
iterations to achieve convergence. To verify the validity of the self-consistent method used,
we compare the previous results with those of the DMRG.

In Figure 3a we derive the phase diagram by the DMRG technique. To construct
the full phase diagram, it is essential to look beyond the energy difference between the
many-body ground state and the first excited state. A notable feature of the DW phase
that distinguishes it from the trivial and topological phases is the equal fermionic parity
between the ground state and the first excited state [52]. Thus, if the difference in fermionic
parity between them is zero, the system is in the DW phase. If not, it is in the trivial or
topological phase. To distinguish between these last two phases, we use as an indicator
the energy difference between the many-body ground state and the first excited state: if
this is zero, the system is in the topological phase, whereas if it is non-zero, it is in the
trivial phase.

Figure 4 shows a comparison between the self-consistent method at zero temperature
and the DMRG. Fixing the on-site energy y/w (Columb interaction U/w), as the Coloumb
interaction U /w (on-site energy u/w) varies, both the lowest particle-like energy excitation
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in the zero-temperature self-consistent method and the energy difference between the first
excited state and the ground state calculated by the DMRG are in significant agreement.

(1) X (-0.8,15) X (-0.5,0.3)

_ J

05
Topological
00 20 .30 40 50
(b) J
(@) -1 0 1
U/w

max; { (iy)" — ()" "*}0__0.4 0.8

215
3
('l
.
.
0 S — ————
-1 0
(© Ulw

Figure 2. Results obtained from the self-consistent method at zero temperature: (a) Phase diagram in
the (U/w, u/w) parameter space. (b) Mean value of the local number operator at varying chain sites
in both trivial and topological phases, indicated by the red and purple crosses in the phase diagram
in panel (a). (c) Maximum value of the convergence condition regarding the mean values of the local
number operator, between the last step n and the penultimate step n — 1. System parameters are
N=50,w=|A| =1,and e = 1010,

The comparison in Figure 4b highlights a subtle shift between the two methods, observed
for the specified fixed on-site energy y/w = 1.8 and Coulomb interaction U/w = —0.1

Finally, we have investigated the effect of the temperature on the topological phase
transition and verified that the transition line is not affected by temperatures up to kg T of
order w by verifying that the lowest eigenvalues are independent from T.
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Figure 3. Results obtained via the DMRG: (a) Phase diagram in the (U/w, yt/w) parameter space.
(b) Mean value of the local number operator at varying chain sites in the DW phase, indicated by the
red cross in the phase diagram in panel (a). System parameters are N = 50 and w = |A| = 1.

Z 3 uiw=1.8
(Eﬁrst excited — Egs) /W 0. 123 4 ﬁlﬁo
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-1 20,1 i
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0 0.75 1.5 225 3
(b) p/w

Figure 4. Comparison between the self-consistent zero-temperature method and DMRG: (a) Phase
diagram in the (U/w, u/w) parameter space. (b) Lowest particle-like energy excitation in the self-
consistent (5C) method in green and energy difference between the first excited state and ground
state calculated by DMRG in red. In the top (bottom) panel, we fix the on-site energy (Coloumb
interaction) and vary the Coulomb interaction (on-site energy); see the purple (orange) dashed line
in the phase diagram in panel (a). We fix for the tolerance of the self-consistent method the value
¢ = 10710, System parameters are N = 50 and w = |A| = 1.

4. Conclusions

We have presented an analysis of the topological phase diagram of a Kitaev chain
generalized by the addition of Coulomb interactions. We have based our analysis on a
mean-field self-consistent approach where the mean value of the local particle number
operator is self-consistently fixed. We have found that topological phases are stable in a
certain range of attractive interactions and on-site energies. A comparison with DMRG
numerical simulations is also reported to complement the phase diagram of the model,
showing the emergence of a DW phase. Our results indicate that the self-consistent mean-
field approach is a reliable method to investigate the topological phase diagram of the
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interacting Kitaev chain, requiring less numerical effort, and thus could be usefully applied
to other one-dimensional topological interacting models.
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