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Abstract: Building upon the efficient transport capabilities observed in the fractal tree-like convergent
structures found in nature, this paper numerically studies the transport process of the combined
electroosmotic and pressure-driven flow within a fractal tree-like convergent microchannel (FTCMC)
with uniform channel height. The present work finds that the flow rate of the combined flow first
increases and then decreases with the increasing branch width convergence ratio under the fixed
voltage difference and pressure gradient along the FTCMC, which means that there is an optimal
branch width convergence ratio to maximize the transport efficiency of the combined flow within
the FTCMC. The value of the optimal branch convergence ratio is highly dependent on the ratio of
the voltage difference and pressure gradient to drive the combined flow. By adjusting the structural
and dimensional parameters of the FTCMC, the dependencies of the optimal branch convergence
ratio of the FTCMC on the branching level convergence ratio, the length ratio, the branching number,
and the branching level are also investigated. The findings in the present work can be used for the
optimization of FTCMC with high transport efficiency for combined electroosmotic and pressure-
driven flow.

Keywords: fractal tree-like structure; branch convergence; electroosmotic flow; pressure-driven flow

1. Introduction

The continuous development of micro- and nano-fabrication technologies has enabled
the vigorous development of microfluidic systems, which could be employed in medical,
pharmaceutical, and biological applications due to their advantages such as high efficiency,
compactness, and less consumption of chemicals [1,2]. Nevertheless, extremely high fluid
resistance has become a major barrier influencing the applications of microfluidic sys-
tems because of the tremendously tiny characteristic dimension of the microchannel [3,4],
which requires the design of the microchannel layout. In addition, applications in fields
such as multiphase reactions, microfluidic sensors, biological analysis, drug delivery, and
nanoparticle transportation require precise control of fluid flow in microchannels with a
special channel layout [5–7]. Therefore, designing advanced channel configuration in a
desirable manner with low fluid resistance or high transport efficiency to deliver liquids or
reagents from one point to other points, or vice versa, is usually the core of these applica-
tions. Motivated by branching structures in nature with high transport efficiency [8–10],
tree-like branched structures have been widely used in the layout design of microfluidics.
For example, several scholars introduced the tree-like channel layout into the design of
microchannel heat sinks and demonstrated that the tree-like channel layout displayed
better hydrothermal performances compared with the traditional serpentine or straight
microchannel heat sinks [11–13]. Lab-on-a-chip designed with a tree-like microchannel
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arrangement could be used for biomedical detection [14,15]. Introducing the tree-like
microchannel into fuel cells [16,17] can not only improve electricity conversion efficiency
but also reduce material usage compared with the conventional serpentine channel types,
which is crucial for the efficient operation of energy conversion and storage devices.

In contrast to macroscale fluid flow, which could be easily controlled by conventional
pressure-driven methods, fluid flow in microfluidic systems might be generated by im-
posing an electric field or a combination of an electric field and a pressure gradient due to
interfacial charge generated at the solid–liquid interface by ionization or adsorption [18–20].
The surface charge results in the redistribution of ions within the liquid, which eventually
forms an electric double layer (EDL) near the solid–liquid interfaces consisting of an inner
layer known as the Stern layer and an outside diffuse layer. When voltage is applied
tangentially to the EDL, an electric body force is imposed on the ions in the diffuse layer of
the EDL, generating the electroosmotic flow (EOF) with a plug-like velocity profile [21]. The
EOF can not only eliminate the need for mechanical micropumps but is also easy to control
and operate, which has been widely used in fields such as lubrication [22], micromix-
ers [23], and micropumps [24]. The transportation efficiencies of EOF alone and when
combined with pressure-driven flow (PDF) within microchannels have been extensively
researched [25–33]. For example, Dutta et al. [25] established a mathematical model to
address the temperature, Nusselt number, and convective heat transfer coefficient of the
steady EOF with a random pressure gradient in a two-dimensional parallel microchannel.
Babaie et al. [26] investigated the EOF of power-law fluids in the presence of a pressure
gradient in a narrow microchannel. Ebrahimi et al. [27] investigated the mixing and heat
transfer performances for the combination of EOF and PDF within a T-shaped microchan-
nel. Mondal et al. [28] formulated a theoretical model to address the fluid flow and heat
transfer within a rectangular microchannel by considering the combination of EOF and PDF
under the conditions of overlapping EDL and high zeta potential. Deng et al. [29] provided
the mathematical solutions of steady/unsteady two-layer combined EOF and PDF in a
circular microchannel and gave the physical picture of the evolution of a two-layer system
towards a steady state. Hegde and Harikrishnan [30] studied the influence of slip on the
hydrodynamics of a combined EOF and PDF by applying the power-law fluid model.

For the EOF or the combined EOF and PDF in the tree-like microchannel, Barrot and
Colin [34,35] developed analytical models to determine the optimal network architecture
for maximizing the flow rate of either EOF alone or the combined EOF and PDF within
the tree-like microchannel network. Jing et al. [36,37] numerically analyzed the optimal
cross-sectional dimensions ratio of the tree-like microchannel with the highest transport
efficiency for the EOF or the combined EOF and PDF under the limitations of thin EDL and
low zeta potential.

While much previous research has demonstrated the benefits of the tree-like mi-
crochannel on the enhancement of heat and mass transfer performances, the generally
employed branches in the literature [9–13,16,17,34–39] are dimensionally homogenous.
However, it is worth pointing out that branch convergence is a universal phenomenon for
the tree-like branched structures in nature, like human lungs and tree roots. So, the fractal
tree-like microchannel composed of convergent branches is more in line with the branching
structures in nature. Some existing literature has verified the excellent heat and mass
transport efficiency of such tree-like convergent structures compared with the tree-like
structures without branch convergence [40–44], making them ideal for applications like the
cooling of microelectronic devices and energy storage.

Nevertheless, the transportation process of the combined EOF and PDF within a
fractal tree-like microchannel, especially considering the branch convergence, has not been
thoroughly addressed. Thus, in contrast to the existing work focusing on the fluid flow
within the tree-like microchannel without branch convergence, this paper concentrates on
the combined EOF and PDF within a fractal tree-like microchannel consisting of convergent
branches and numerically examines the effects of the branch cross-sectional convergence of
the fractal tree-like convergent microchannel (FTCMC) on the flow rate of the combined
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EOF and PDF. The current study aims to find the optimal branch width convergence ratio
of the FTCMC to achieve maximum transport efficiency of the combined EOF and PDF and
explores the dependence of the optimal width convergence ratio with various parameters,
such as the ratio of voltage difference and pressure difference, level convergence ratio,
length ratio, branching number, and branching level of the FTCMC. This work will not
only benefit the understanding of the transport process of the combined EOF and PDF
within the FTCMC but will also be helpful in the design of a high-efficiency tree-like
microfluidic system.

2. Description of the FTCMC

The schematic of a FTCMC with a branching number of 2 and a branching level of
2 is illustrated in Figure 1. To simplify the model, the FTCMC is symmetric with the
same branch dimensions at the same branching level. The cross-section shape of the
FTCMC is a rectangle with width convergence along the centerline of each branch. The
width convergence ratio and height are also uniform across the whole microchannel. In
addition, a size constraint of a fixed total channel volume, which is a commonly used
size limitation [9,34–37,45,46], is employed. The total channel volume V of the symmetric
FTCMC is given as,

V = ∑m
i=0 Vi Ni = ∑m

i=0 Si HNi =
1 + α

2
w0l0H

1 − (Nακλ)m+1

1 − Nακλ
(1)

where Vi and Si are the volume and bottom area of each branch at the i-th branching level,
α = wi+1/wi (i = 0, 2, 4, . . .. . .) is the branch convergence ratio of the FTCMC, κ = wj+1/wj
(j = 1, 3, 5, . . .. . .) is the level convergence ratio, which reflects the convergence of the two
subsequent branching levels of the FTCMC, λ = lk+1/lk (k = 0, 1, 2, . . .. . .) is the length ratio
of the two subsequent branching levels, N is the branching number, m is the branching
levels, and H is the channel height.
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Figure 1. Schematic of FTCMC with N = 2 and m = 2.

Considering that the dimensions of branch cross-sections, which are highly dependent
on the geometric and structural parameters of the FTCMC given in Equation (1), have
significant influences on the flow resistance, the present work focuses on the effects of
branch widths on the combined PDF and EOF and examines whether an optimal branch
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width convergence exists to maximize the flow rate of the combined flow. Under the
constraint of the fixed channel volume, the inlet channel width can be given as,

w0 =
2V

(1 + α)l0H
1 − Nακλ

1 − (Nακλ)m+1 (2)

Subsequently, the widths at two ends of each branch can be given as, branch inlet : w2i = αiκiw0 = 2αiκiV
(1+α)l0 H

1−Nακλ

1−(Nακλ)m+1

branch outlet : w2i+1 = αi+1κiw0 = 2αi+1κiV
(1+α)l0 H

1−Nακλ

1−(Nακλ)m+1

i = 0, 1, 2, . . . . . . (3)

Using Equations (2) and (3), we can calculate the branch widths at each branching
level when the values of the other parameters are given. The effects of these parameters
on the optimal width convergence ratio for maximizing the flow rate of the combined
flow within the FTCMC can also be investigated. The values of structural and geometric
parameters of FTCMC used in the present work are given in Table 1.

Table 1. Structural and dimensional parameters of FTCMC.

Parameters Symbol Value

Branch convergence α 0.4–1
Level convergence κ 0.7–1

Length ratio λ 0.5–1
Branching number N 2, 3, 4

Branching level m 0, 1, 2, 3
Channel height H (µm) 150

Branch angle β (◦) 60
Total channel volume V (µm3) 3 × 108

3. Numerical Method
3.1. Numerical Setup

To simplify the present problem, the following assumptions are employed:

(1) The combined EOF and PDF is a three-dimensional incompressible steady and New-
tonian fluid flow.

(2) The channel widths and height of the microchannel are supposed to be much larger
than the Debye length to avoid the overlap of EDL.

(3) Zeta potential at the microchannel wall is uniform and low enough to enable Debye–
Hückel linearization.

(4) No slip condition is applied on the solid–liquid interfaces.

Then, the combined flow can be solved using the following modified Navier–Stokes
equation with electrical body force [36,47]:{

∇v = 0,
ρ(v·∇v) = −∇p +∇·(µ∇v) + ρeE,

(4)

where v is the velocity field, ρ is the liquid density, p is the pressure, ρe is the net charge
density within the EDL, and E is the applied electric field, which is given as follows [36,47]:

E = −∇Φ (5)

where Φ is the electrical potential of the linear superposition of the applied electric potential
φ, and the EDL electric potential ψ is as follows:

Φ = φ + ψ (6)
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According to the electrostatics, the EDL in the microchannel is controlled by the
Laplace equation [36,47]:

∇2 φ = 0 (7)

The dependence between the EDL electrical potential ψ in the microchannel and the
net charge density ρe within the EDL can be described by the coupled Poisson–Boltzmann
equation [47,48]:

∇2ψ = − ρe

ε0εr
=

2n0ze
ε0εr

sinh
(

zeψ

kbT

)
(8)

where z is the chemical valence of the liquid, e is the elementary charge, n0 is the bulk ionic
concentration of the liquid, ε0 is the permittivity of vacuum, εr is the relative permittivity
of the liquid, kb is the Boltzmann constant, and T is the absolute temperature of the liquid.

The initial and boundary conditions employed to calculate the combined flow within
the FTCMC are summarized as follows:

(1) Inlet: The voltage VE is set at the channel inlet, as shown in Equation (9); the pres-
sure Pin is maintained at the inlet, as shown in Equation (10); and the inlet ionic
concentration is set to 1 mM, as shown in Equation (11),

φinlet = VE (9)

Pinlet = Pin (10)

cinlet = c0 (11)

(2) Outlet: The outlet potential is set to be zero, as shown in Equation (12); and the outlet
pressure is 0 Pa, as shown in Equation (13),

φoutlet = 0 (12)

Poutlet = 0 (13)

(3) Solid–liquid wall: The Helmholtz–Smoluchowski slip velocity was employed at the
solid–liquid wall, and there was no electric potential change given in Equation (14)
and no mass flux across the wall given in Equation (15):

n∇φ = 0 (14)

∂c
∂n

= 0 (15)

The values of simulation parameters employed in the present work are listed in Table 2.
Applying the above numerical model setup, COMSOL Multiphysics software is used to
solve the current problem.

Table 2. Values of simulation parameters.

Parameter Symbol Value Unit

Zeta potential ζ −50 mV
Fluid density ρ 996 kg/m3

Dynamic viscosity µ 1 × 10−3 Pa·s
Relative permittivity εr 80 /
Electric conductivity σ 5.5 × 10−6 S/m
Diffusion coefficient Dc 1 × 10−9 m2/s

Bulk ionic
concentration c0 1 mol/m3
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3.2. Mesh Independence Test and Data Validation

In order to ensure the accuracy of the current numerical study, a computational model
with N = 2, m = 2, α = 1, κ = 1, λ = 1, and H = 150 µm is used for the mesh independence
test. Under the driven voltage of 1000 V and driven pressure of 50 Pa, Table 3 summarizes
the data of inlet velocity vin and the outlet volume flow rate Qv and their relative errors
when changing the grid number. The computing time is also given to reflect the computing
efficiency. According to the results given in Table 3, the mesh generation with a grid
number of 1,350,140 is good enough to obtain numerical results with high accuracy and
high computing efficiency, which is subsequently employed for the remaining simulations
in this work.

Table 3. Results of the mesh independence test.

No. i Grid Number vin[mm/s] |vi+1
in −vi

in|/vi
in Qv [(m3/s)×10−11)] |Qi+1

v −Qi
v|/Qi

v
Computing

Time

0 51,183 7.3401 / 7.9226 / 3 min 39 s
1 351,336 7.2484 1.249% 7.7683 1.948% 9 min 25 s
2 401,948 7.1848 0.877% 7.6458 1.577% 12 min 41 s
3 1,350,140 7.1614 0.326% 7.6277 0.237% 40 min 35 s
4 1,697,420 7.1643 0.040% 7.6358 0.106% 1 h 26 min 52 s

Besides the mesh independence test, this paper also validates the correctness of
the numerical method by performing data validation using references [37,49]. Figure 2a
compares the effects of the diameter ratio on the volume flow rate of pure PDF, pure EOF,
and the combined EOF and PDF, respectively, within tree-like microchannels with a uniform
circular cross-section obtained by the present method with the results in Ref. [37]. Figure 2b
presents the EOF velocity profiles of the combined EOF and PDF within a simplified two-
dimensional model with a convergence angle of 120◦ under different driven voltages when
Re = 0.1 obtained by the present method and from Ref. [49]. Figure 2 shows that the results
achieved by the present method are in line with those from the literature, demonstrating
the viability of the current numerical method.
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4. Results and Discussions
4.1. Impact of Branch Convergence Ratio on the Flow rate within FTCMC

Although previous research [37,50,51] has shown that the combined EOF and PDF for
Newtonian fluid satisfies the flow-rate superposition within a single straight microchannel,
that is, the sum of the flow rates of pure PDF and pure EOF is equal to the flow rate of the
combination of PDF and EOF, the flow-rate superposition within an FTCMC still needs to be
validated. Therefore, we first test the flow-rate superposition of the combined PDF and EOF
within an FTCMC with m = 1 and m = 2 when κ = 0.9, λ = 1, and N = 2 under the different
branch convergence ratios, as the results demonstrate in Figure 3. Figure 3 indicates that
the sum of the flow rates of the pure PDF and pure EOF is equal to the flow rate of the
combined PDF and EOF within the FTCMC. This result indicates that the combined PDF
and EOF in FTCMC still satisfies the flow rate superposition. By calculating the inlet
Reynolds number in our simulations, we find that the maximum inlet Reynolds number is
approximately 50 in our study, which explains why the linear superposition holds true for
the FTCMC because the nonlinear effect is negligible at such a low Reynolds number.
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Figure 3. Effects of branch width convergence ratio on the flow rates of pure PDF, pure EOF, and
the combined EOF and PDF within the FTCMC with (a) m = 1 and (b) m = 2 when λ = 1, N = 2,
H = 150 µm.

In addition, the results in Figure 3 show that the flow rates of pure PDF, pure EOF, and
the combined PDF and EOF initially increase and subsequently decrease with the growing
branch width convergence ratio, and the values of the branch width convergence ratio to
maximize the flow rate are different for three different flow conditions.

By further adjusting the level convergence ratio, Figure 4 displays the influence of the
branch width convergence ratio on the flow rate of the combination of EOF and PDF within
FTCMCs with different levels of convergence ratios when m = 1 or m = 2. It can be found
that the non-monotonic variation of the flow rate of the combined PDF and EOF within
the FTCMC with the growing branch convergence ratio is robust for different values of the
fixed-level convergence ratio. It is evident that the FTCMC for each level convergence ratio
has an optimal branch convergence ratio αopt corresponding to the maximum flow rate
under the fixed external energy input. The reason for these results is that the width of the
parent branch declines, while the width of the son branch grows with the increasing branch
convergence ratio α under the fixed channel volume, as seen in the geometric dimensions
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derived from Equation (1). The reciprocal alteration of the cross-sectional dimensions
between the parent branch and son branch results in the emergence of αopt of the FTCMC to
maximize the flow rate. The existence of this optimal width convergence ratio is similar to
Murray’s law, which gives the optimal diameter ratio of the vascular or respiratory network
of animals to minimize fluid resistance [45].
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(b) m = 2.

From Figure 4, it can further be found that the optimal branch convergence ratio is
related to the level convergence ratio. Next, we will investigate the impacts of different
parameters on the optimal branch width convergence ratio of FTCMC.

4.2. Impact of Ratio of Voltage Difference and Pressure Difference on αopt

Here, we first investigate the influence of VE/∆P on αopt of the FTCMC at different
level convergence ratios κ, as the results illustrated in Figure 5. Figure 5 illustrates that
αopt of the FTCMC monotonically decreases with the growing VE/∆P. The explanation
for this phenomenon is as follows. When VE/∆P remains at a sufficiently low level, the
flow rate of the combined flow is dominated by the PDF component; thus, αopt of FTCMC
comes close to the value to achieve a maximum pure PDF flow rate. In contrast, when
VE/∆P is large enough, the flow rate of the combined PDF and EOF is dominated by the
EOF component, and αopt of FTCMC comes close to the value to achieve a maximum pure
EOF flow rate. Based on our previous study on the optimal diameter ratio of the fractal
tree-like microchannel network with a uniform circular cross-section for maximizing the
flow rate of the combined EOF and PDF, the optimal diameter ratio monotonously declines
from N−1/3 for the pure PDF to N−1/2 for the pure EOF with the growing VE/∆P [37].
Similarly, there exists a similar variation trend for the optimal branch convergence ratio
αopt of the FTCMC.
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4.3. Impacts of Length Ratio, Branching Number, and Branching Level on αopt

Figure 6 shows the influence of the length ratio λ on αopt of the FTCMC under different
VE/∆P. From Figure 6, it is evident that αopt of the FTCMC increases for the pure PDF but
decreases for the pure EOF with the growing length ratio. Further, αopt of the FTCMC for
the combined EOF and PDF first decreases and then increases with the increasing length
ratio when the VE/∆P gradually increases. This is because the proportion of the EOF
component in the total flow rate of combined EOF and PDF within the FTCMC rises when
VE/∆P increases, and correspondingly, the impact of λ on αopt is similar to the variation of
αopt on the length ratio for pure EOF. In contrast, the variation of αopt of the FTCMC for
the combined flow is similar to the variation of αopt on the length ratio for pure PDF when
VE/∆P is small because pure PDF dominates the flow rate of the combined EOF and PDF.
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Figure 7 shows the effect of the branching number N on αopt of the FTCMC under
different VE/∆P. Figure 7 indicates that the optimal branch width convergence αopt of the
FTCMC for pure EOF, pure PDF, and the combination of EOF and PDF all decrease with
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the increasing N, and the optimal branch with the convergence ratio αopt of the FTCMC for
the combined EOF and PDF will become closer to the variation of αopt on the N for pure
EOF with the increasing VE/∆P.
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Further, Figure 8 investigates the effect of the branching level m on αopt of the FTCMC
for the combination of EOF and PDF under different VE/∆P. Similarly to the effects of
the length ratio on the optimal branch convergence ratio αopt, Figure 8 demonstrates that
the optimal branch convergence ratio αopt of the FTCMC for pure EOF grows with the
increase of the branching level m, while αopt of FTCMC for pure PDF declines. Moreover,
the optimal branch convergence ratio αopt of the FTCMC for the combination of EOF and
PDF exhibits different variation patterns depending on the ratio of the voltage difference
and the pressure difference. The variation of the αopt on the branching level m follows
a transition from increasing αopt with growing m for pure PDF to decreasing αopt with
growing m for pure EOF due to the proportional variation of the EOF component and the
PDF component in the total flow rate of the combination of EOF and PDF.
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5. Conclusions

The dimensions of cross-sections play a pivotal role in influencing the flow resistance
within microchannels. To analyze the effects of branch cross-sectional convergence on the
transport efficiency of the combined EOF and PDF within a fractal tree-like microchannel
composed of branches with uniform width convergence ratios and heights, this paper
numerically studies the effects of the width convergence ratio on the flow rate of the com-
bined EOF and PDF within the FTCMC under the limitation of the constant total channel
volume. Our findings reveal that the flow rate of the combined flow within an FTCMC first
increases and then decreases with the growing branch width convergence ratio, indicating
the presence of an optimal value αopt to maximize the flow rate of the combined flow.
Considering the sensitivity of branch widths on the structural and geometric parameters of
the FTCMC such as the level convergence ratio, the branching number, the length ratio,
and the branching level of the FTCMC, we examined the effects of these structural and
geometric parameters of the FTCMC on the optimal branch width convergence ratio αopt.
The effect of the ratio of the voltage difference and the pressure difference on the optimal
branch width convergence ratio αopt is also analyzed.

In the parameter setup of the present work, it is found that the optimal branch con-
vergence ratio αopt of the FTCMC monotonically declines with the growing ratio of the
voltage difference and the pressure difference and exhibits a transition from the optimal
ratio for pure PDF to the optimal ratio for pure EOF. This is due to the predominance
of the PDF component influencing the flow rate of the combined flow at large VE/∆P,
while the EOF component predominantly influences the flow rate of the combined flow
at small VE/∆P. Furthermore, the optimal branch convergence ratio αopt of the FTCMC
shows different variation trends with the level convergence ratio, the branching number,
the length ratio, and the branching level of the FTCMC, which is dependent on the ratio of
voltage difference and pressure difference.

Although the present findings are highly sensitive to the parameter setup of the
FTCMC, they provide a strategy to optimize the transport efficiency of the combined EOF
and PDF within a fractal tree-like microchannel with branch convergence, which can inspire
potential applications of FTCMC for the cooling and thermal management of microelec-
tronic devices, drug delivery, and screening, as well as catalyst synthesis and separation
purification in the chemical industry, etc. [9,52,53], through structural optimization.
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Nomenclature

c ions concentration
cinlet inlet concentration
Dc diffusion coefficient
e elementary charge
E applied electric field strength
H channel height
kb Boltzmann constant
li each channel length
m branching level
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n0 liquid bulk ionic concentration
N branching number
p fluid pressure
pinlet inlet pressure
poutlet outlet pressure
Qv flow rate
Re Reynolds number
Si each channel bottom area
T absolute temperature
v velocity vector
Vi each channel volume
V total channel volume
VE voltage
wi each channel width
z chemical valence of ions
Greek letters
α branch convergence
αopt optimal branch convergence
β branch angle
∆p pressure drop
ε0 vacuum permittivity
εr relative permittivity of liquid
ζ zeta potential
κ level convergence
λ length ratio
µ fluid dynamic viscosity
ρ fluid density
ρe net charge density
φ applied electric potential
φinlet inlet potential
φoutlet outlet potential
Φ electrical potential
ψ EDL electric potential
Abbreviations
EDL electrical double layer
EOF electroosmotic flow
PDF pressure driven flow
FTCMC fractal tree-like convergent microchannel
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